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Abstract—In this paper, for overlapping community detection,
we propose a novel framework of the link-space transformation
that transforms a given original graph into a link-space graph. Its
unique idea is to consider topological structure and link similarity
separately using two distinct types of graphs: the line graph and
the original graph. For topological structure, each link of the
original graph is mapped to a node of the link-space graph,
which enables us to discover overlapping communities using non-
overlapping community detection algorithms as in the line graph.
For link similarity, it is calculated on the original graph and
carried over into the link-space graph, which enables us to
keep the original structure on the transformed graph. Thus, our
transformation, by combining these two advantages, facilitates
overlapping community detection as well as improves the result-
ing quality. Based on this framework, we develop the algorithm
LinkSCAN that performs structural clustering on the link-space
graph. Moreover, we propose the algorithm LinkSCAN™ that
enhances the efficiency of LinkSCAN by sampling. Extensive
experiments were conducted using the LFR benchmark networks
as well as some real-world networks. The results show that our
algorithms achieve higher accuracy, quality, and coverage than
the state-of-the-art algorithms.

I. INTRODUCTION
A. Motivation

In many real-world social networks such as Facebook and
Twitter, individuals can belong to multiple communities, e.g.,
family, friends, colleagues, and schoolmates[1]. Thus, there
have been active discussions on overlapping community de-
tection [2], [3], [4], [5], [6], [1]. The existing methods can be
roughly classified into two categories depending on the graph
element used for community discovery.

¢ Node-based: Each node is directly associated with mul-
tiple communities. A popular method is labeling a node
x with a set of pairs (c,b), where ¢ is a community
identifier and b is a belonging coefficient [6]. A belonging
coefficient indicates the strength of x’s membership of
the community c. Well-known methods in this category
include the label propagation method [6].

o Structure-based: Community discovery is done through
a pre-defined structure such as a clique or a link. A node
can participate in multiple cliques or links. Thus, even if
cliques or links are partitioned into disjoint communities,
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participating nodes can belong to multiple communities.
Well-known methods in this category include the Clique
Percolation Method (CPM) [3], [1] and the link-partition
method [2], [4].

In connection with this categorization, we have found out
that the existing methods suffer from three common problems.

1) Many highly overlapping nodes: The node-based cate-
gory assigns a set of belonging coefficients into a node,
where the sum of the coefficients is 1. Thus, as more
communities overlap at a node, the value 1 needs to
be distributed to more communities, resulting in smaller
differences among the coefficients. If the coefficients get
close with each other, it would be tricky to distinguish
the communities to which the node belongs and those
to which the node does not.

2) Incorrect base-structures: The structure-based category
first tries to discover base-structures from a graph. This
procedure is based on the assumption that the graph
consists of many such base-structures. However, in the
CPM, the graph may not have many cliques since cliques
are very strict structures. Thus, for loosely-connected
graphs, many of the nodes are not covered by any
community in the CPM. The link-partition method does
not suffer from this problem since the link is the basic
structure of a graph.

3) Incorrect membership of weak ties: In the structure-
based category, it is usually required that every base-
structure should belong to at least one community. This
requirement is problematic since it may result in overly-
overlapping communities. For example, a weak tie[7]
had better not be included in any community since it
does not represent strong relationship between the nodes.
In Figure 1, suppose that Jack and Bob are travel buddies
and do not have common friends in a social network.
Jack belongs to his workplace community, and Bob to
his family community. If the weak tie is assigned to one
of the communities, the two communities overly overlap
at either Jack or Bob. In fact, it is obvious that the two
communities should be separated.

Table I compares the popular community detection algo-
rithms for these three problems. An ‘X’ mark indicates that
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Fig. 1. An example of a weak tie and its improper membership.

the algorithm does not suffer from the problem. Our algorithm
is designed to be free from the three problems.

TABLE I
COMPARISON OF THE ALGORITHMS.

Label Prop- | CPM Link Par- | LinkSCAN*

agation tition (ours)
Problem 1 O X X X
Problem 2 X (6] X X
Problem 3 X (6] (6] X

B. Our Solution

In this paper, with considering these drawbacks, we propose
a new framework, which we call the link-space transformation.
This transformation converts an original graph to a link-space
graph. Each node of the link-space graph is a link of the
original graph, and the nodes of the link-space graph are
connected if the corresponding links in the original graph
are connected through some node. In the topological point
of view, the link-space graph is identical to the line graph
proposed by Evans and Lambiotte [4]. The difference is how
a weight is assigned to each link: the weight is calculated
on the transformed graph (i.e., the line graph) in the previous
approach whereas it is calculated on the original graph in our
approach. That is, the similarity on the original graph is carried
over into the link-space graph in our approach.

We contend that the link-space graph combines the ad-
vantages of the original graph and the line graph as shown
in Figure 2. Inheriting the advantages of the line graph,
finding disjoint communities enables us to find overlapping
communities. Inheriting the advantages of the original graph,
its original structure is better preserved in the link-space graph
than in the line graph.

Original graph Line graph

Preserving the original + Easier to find overlapping
structure communities

- =

Link-space graph
Easier to find overlapping communities
while preserving the original structure

Fig. 2. The advantages of the link-space transformation.
Example /: Figure 3 contrasts the link-space graph with

the line graph. For now, please look at the relative size of the

similarity scores. In Figure 3(a), let’s consider the similarity

between e and ey3 as well as that between e;3 and esg3.
It will be natural if these two similarity scores are the same
because the pair of links share one endpoint and are connected
by another link. In Figure 3(b), the latter is smaller than the
former because the common node 3 of e13 and es3 has a higher
degree than the common node 1 of e;5 and e;3. A critical
problem of the line graph is that the weight heavily depends
on the degree of a node in the original graph. On the other
hand, in Figure 3(c) of the link-space graph, the similarity
scores properly reflect the structure of the original graph. []

(c) Link-space graph.

Fig. 3. Contrast between the line graph and the link-space graph.
We now explain how the link-space transformation can solve
the problems listed in Table I.

1) Solution to Problem I: Finding disjoint communities of
the nodes in the link-space graph obviates the need for
a belonging coefficient.

2) Solution to Problem 2: A link is used as the base-
structure since a node of the link-space graph corre-
sponds to a link of the original graph.

3) Solution to Problem 3: We introduce the notion of
membership neutrality that allows a link to be neutral to
any community. Since any non-overlapping community
detection algorithm can be adopted owing to the link-
space transformation, it is very easy to find an algorithm
satisfying membership neutrality.

In this paper, based on the link-space transformation,
we develop an overlapping community detection algorithm,
which we call LinkSCAN (Link Structural Clustering Algo-
rithm for Networks). Then, we develop an enhanced algorithm
LinkSCAN™* that improves the efficiency of LinkSCAN by
sampling of links. Since the number of links significantly
increases in the link-space graph compared with the original
graph, reducing the links considered helps improve the effi-
ciency of the algorithm.

Our approach of using the link-space transformation is
not dependent on a specific community detection algorithm.
However, as discussed above, the algorithm should satisfy
membership neutrality. We decide to adopt the algorithm
SCAN [8] since it identifies the hub or outlier nodes that do
not belong to any community.
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Our proposed algorithms take a graph G = (V, E)) as an in-
put, where V' and E represent the set of all nodes (individuals)
and the set of all links (relationships) respectively, and produce
an overlapping clustering C'. We define an overlapping cluster-
ing by a collection of sets of nodes where each set consists of
the nodes having a specific type of relationship with another
node in the same set. LinkSCAN™ consists of four major steps.
First, the original graph G is converted to a link-space graph
LS(G) by the link-space transformation. Second, the links of
LS(G) are sampled. Third, a variation of the algorithm SCAN
is applied to LS(G), and the disjoint communities of the nodes
are obtained. Fourth, the membership on LS(G) is translated
back to that on G. The only difference between LinkSCAN
and LinkSCAN™* is the existence of the second step.

Example 2: Figure 4 shows the four steps of LinkSCAN*
for a simple graph. The grey links of the link-space graph that
are not sampled are ignored during clustering. As a result of
clustering, the nodes in the link-space graph are partitioned
into two communities in red and in blue. The membership
of a link determines that of its endpoint nodes. The set of
nodes {1,2,3,4} belong to the red community, and that of
nodes {4,5,6,7,8} to the blue community. Thus, the two
communities overlap at the node 4. (|

Step 1: Link-space transformation

Step 2: Sampling

(6) L2

6‘0 Step 3: Clustering

NG

Fig. 4. The overall procedure of overlapping community detection.

Step 4: Restoring membership

C. Key Contributions
In summary, the contributions of this paper are as follows.

o We identify three common drawbacks of the previous
algorithms for overlapping community detection by ana-
lyzing large-scale real-world social networks.

o« We propose a novel framework called the link-space
transformation that incorporates the advantages of both
the original graph and the line graph.

o We introduce the notion of membership neutrality, which
is essential in analyzing complicated, real-world net-
works.

o« We develop the algorithm LinkSCAN satisfying mem-
bership neutrality in the framework of the link-space
transformation.

e We present the enhanced algorithm LinkSCAN* that
achieves higher efficiency with negligible errors com-
pared with LinkSCAN.

The rest of the paper is organized as follows. Section II
explains the background knowledge for our work. Section
IIT proposes the link-space transformation and develops the
algorithms LinkSCAN and LinkSCAN*. Section IV presents
the results of evaluation. Section V summarizes state-of-the-art
related work. Finally, Section VI concludes this study.

II. PRELIMINARIES

Our goal is to identify the overlapping community structure
of a given network. In this section, we review (i) link clustering
that has been widely used for this purpose and (ii) structural
clustering which is adopted in our algorithm.

A. Link Clustering

Recently, some researchers have focused on the community
detection based on link clustering [2], [4], [9]. The community
of links is preferable to that of nodes from a theoretical point
of view, because the link is likely to have a unique identity
whereas the node tends to have multiple identities [10]. Link
clustering is formally defined in Definition 1.

Definition /: Let G = (V, E) be a given network. Then, a
collection P’ of subsets of F is said to be a link clustering of
G if the elements of P’ are pairwise disjoint and the union of
the elements of P’ is equal to F.

Most notably, Ahn et al.[2] proposed the link-partition
method using a Jaccard-type similarity score between links.
The membership of a node is determined by those of its
incident links. Please note that a node participates in multiple
communities if the node has multiple incident links with
different types of relationship.

In fact, link clustering of a graph G is translated to graph
partitioning of the line graph L(G) that represents the structure
among the links of G. To construct L(G), each link of G
becomes a node of L(G), where two nodes of L(G) are
adjacent if the corresponding links of G intersect at some node
in G. However, L(G) gives too much prominence to the high-
degree nodes of the original graph G since a node of degree
d; in G is mapped to a clique of size d; in L(G), which has
dl(dZ - 1)/2 links [4]

B. Structural Clustering

The algorithm SCAN [8] has been regarded as one of the
most popular structural clustering algorithms for networks. It
uses the structural similarity s for every two nodes v and w,
which is defined by Eq. (1). Here, T'(v) = {w € V|(v,w) €
E}U{v}. A node v is said to be a core node with respect to
e and p if |Nc(v)| > p, where N (v) is the set of all nodes
that have at least e similarity with v. Hence, a node becomes
a core node if and only if it is well-connected to other nodes.

o) — T@) @) 0
VIF@)[|T(w)]

Let us explain the basic definitions for SCAN. For any node
u € N.(v) for some core node v, a node w is said to be
directly reachable from v. Furthermore, a node u is reachable
from v if there is a sequence of nodes {vg,v1,...,v:} for
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some t € N such that vg = v, v; = u, and vy is directly
reachable from v, for all 0 < k < ¢t — 1. Remark that the
reachability is a symmetric relation for a pair of core nodes,
but it is not otherwise. A pair of nodes v and v are said to
be structure-connected if there is a node w such that both u
and v are reachable from w. Then, the connectivity becomes
a symmetric relation for any pair of nodes. Finally, a cluster
is defined as a maximal set of structured-connected nodes.

Non-core nodes may not participate in any cluster. When
a node v is not a member of any cluster, v is called a hub
node if it bridges at least two communities in the network or
is called an outlier node otherwise.

IIT. OUR PROPOSED FRAMEWORK

Our proposed algorithm LinkSCAN* consists of the four
major steps shown in Algorithm 1. The baseline algorithm
LinkSCAN omits the sampling step, and the other steps are
exactly the same in both algorithms. That is, LinkSCAN*
considers only a small (typically, less than 30%) proportion
of links in the link-space graph whereas LinkSCAN all the
links. LinkSCAN* improves efficiency by at least 200% with
introducing less than 10% errors compared with LinkSCAN.

Algorithm 1 LinkSCAN and LinkSCAN*
INPUT: (i) a graph G = (V, E)
(ii) parameters € and p for structural clustering
(iii) parameters v and (3 for link sampling
OUTPUT: an overlapping clustering NC' of G;
/* Step 1. Link-Space Transformation (Algorithm 2) */
LS(G) = (V', E') < LinkSpaceTransformation(G);
/* Step 2. Link Sampling */
if LinkSCAN* then
/* Only LinkSCAN* requires this step. */
LS(G) « LinkSampling(LS(G), «, B);
end if
/* Step 3. Structural Clustering (Algorithm 3) */
/¥ LC = {VLIVL C V'Y #/
LC < StructuralClustering(LS(G), €, p);
/* Step 4. Membership Translation */
[ NC ={Ve|Ve CV} ¥
: NC <+ MembershipTranslation(LC, LS(G));
return NC

R e A A S ol >

—_ o e
L

In the remaining of this section, we explain the main ingre-
dients: link-space transformation (Section III-A), membership
neutrality (Section III-B), and structural clustering (Section
III-C). For ease of exposition, we present first LinkSCAN
(Section III-D) and then LinkSCAN* (Section III-E). Before
proceeding to algorithm descriptions, in Table II, we summa-
rize the notation used throughout this paper.

A. Link-Space Transformation

1) Formal Definition: The beauty of the link-space trans-
formation is to consider the two types of graphs—the original
graph and the line graph—with taking their advantages only.
That is, it allows us to find overlapping communities by using

TABLE 11
SUMMARY OF THE NOTATION.

Notation Description

g an original graph

LS(G) the link-space graph of G
v; a node in an original graph

a link in an original graph
a node in a link-space graph

€ij O €(j j)
Veij OF Ve(; 5

o similarity between two links in G

w(+ ) similarity between two nodes in LS(G)
dy the degree of a node v

Ny the number of links sampled at a node v

non-overlapping community detection algorithms and, at the
same time, to respect the structure of the original graph. This
idea is developed roughly based on the kernel trick [11]. In
the kernel trick, the support vector machine (SVM) attempts
to find a separating plane in a higher-dimensional feature
space, but the kernel function is evaluated for the original data
points. In this sense, the link-space transformation resembles
the kernel trick.

The link-space transformation is formally defined in Defi-
nition 2. The difference between the link-space graph and the
line graph is only the third item on how the similarity between
links is derived.

Definition 2: Given a graph G, its link-space graph LS(G)
is a graph such that

o Anode v,; of LS(G) represents the link e;; between the
nodes v; and v; of G;

o Two nodes v, and v., of LS(G) are adjacent if
and only if their corresponding links share a common
endpoint in G; and

o The weight w(ve,, ,vc,,) on the link between v, and
Ve, is assigned by a similarity function o(eix,e;x)
calculated on G.

Example 3: Figure 5(b) is the link-space graph trans-
formed from Figure 5(a). The two colored nodes v.,, and
Ve, in LS(G) correspond to the two links e;, and ey, in G,
respectively. The weight of the link between v, and Ve, 18
calculated using e;; and e, on G. U

(a) Original graph G.

(b) Link-space graph LS(G).

Fig. 5. An example of the link-space transformation.

One might argue that it would be better to simply calculate
the similarity between the nodes on the link-space graph.
However, the node similarity on the link-space graph could be
distorted since it highly depends on the degree of the common
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endpoint of the original graph. For example, the structural
similarity of Eq. (1), which ranges from O to 1, is —— = 0.63
for the nodes ve,, and v, in Figure 5(b). This 51m11ar1ty score
tends to be too high since it is elevated too much owing to a
high degree of the common node vy.

2) Link Similarity: We adopt the link similarity proposed
by Ahn et al.[2] for o(-,-) of Definition 2. This measure is
chosen because it is shown to be very effective despite its
simplicity. Note that any other similarity measure, e.g., one of
the measures in [12], can be used.

Our link similarity o(-,-) is defined as Eq. (2). Again,
I'(v) ={w € Vl](v,w) € E} U{v}, and d(v,u) is the length
of the shortest path between v and w. Intuitively, our approach
gives a more natural way to compute the similarity between
two incident links, because it is free from the degree of the
common endpoint v.

T'(vi) N T'(wy)]
IT'(vi) UL (v;)]

Example 4: In Figure 5(a), I'(v;) = {vo,v1,v2,v;, vk}
and I'(v;) = {v1,v2,v3,v4,vj,v}. Then, I'(v;) N T(v;) =
{vi,ve, v} and T'(v;) UT (v;) = {’Uo,Ul,Ug,’U37’U4,’UZ,UJ,Uk}
Finally, the similarity score is o (e, €j5) = 5 = 0.375, which
looks reasonable. [l

W(Ueik ) vejk

2

) = o(ei, ejx) =

B. Membership Neutrality

One major drawback of link clustering is that it produces too
many nodes that join multiple communities, because a node
participates in a cluster even if there is only one incident link
having the relationship corresponding to the cluster. To resolve
this problem, our main idea is to relax the definition of link
clustering in Definition 3.

Definition 3: Let G = (V, E) be a given network. Then, a
collection P of subsets of E is said to be a generalized link
clustering of G if each link participates in at most one link
cluster of P”.

That is, we allow that some links are not contained in any
cluster. Definition 4 defines this notion formally.

Definition 4: A link e;; is said to have neutral membership
if and only if AE. € P” such that e;; € E..

Proposition /: Generalized link clustering supports the
neutral membership of links.

To solve the generalized link clustering problem, we run a
variation of SCAN on a link-space graph. The nodes classified
as outliers or hubs in LS(G) map to the neutral links of G.
Last, we would like to remark that any clustering algorithm
can be adopted if it supports neutral membership.

C. Structural Clustering

Our variation for SCAN follows the basic definitions intro-
duced in Section II-B except the rule of determining a core
node. SCAN checks the number of similar neighbors whereas
our variation the fraction of similar neighbors. The previous
rule is problematic in our case since we are working on a
transformed graph. Since the variation of the node degree gets
larger in the link-space graph, using a threshold for the number

of similar neighbors does not make sense. For example, in
Figure 6, both nodes ve,, and v, , had better be determined
as core nodes when red links indicate similar neighbors. The
previous rule, however, cannot handle this case unless the
threshold is very low (e.g., 3), which is not suitable for high-
degree nodes. In contrast, our new rule can handle this case
by setting a proper fraction threshold (e.g., 0.5).

|similar neighbors| 3 5
|neighbors| -

Fig. 6. An illustration of the rule of determining a core node.

In Definition 5, we formalize our new rule for selecting core
nodes. This rule covers a broad range of scenarios including
existing algorithms and our proposed algorithms.

Definition 5: Let f, : [0,1]% — [0,d,] be a function such
that it maps a set of link similarities between v € V' and its
neighbors into a value between 0 and d,. Let {uq,...,uq,}
be a set of neighbors of v. For some ¢ € [0,1], we call
fv a core selection function if f,(w(v,u1),...,w(v,uq,)) =
Zj;l Ty, - I(w(v,u;) > €), where 7,,; are nonnegative
numbers and I(+) is an indicator function.

The core selection function f, is a weighted sum of the
indicator values for all incident links of ». If Tou; = 1, then
it becomes identical to the core selection function used in
DBSCAN and SCAN. If 7, ,, = d , then the core selection
function considers the fractwn of similar neighbors of v
rather than the number of similar neighbors of v. Here, these
coefficients normalize the importance for incident links of each
node of the link-space graph. The rule with T, uy = di is
denoted by the p-fraction rule. We use the p- fractlon rule in
this paper since it leads to better results for the link-space
transformation. Therefore, a node v is a core node if f, > u
for some p € [0, 1].

Note that our core selection function is computed locally, so
it can be applied to large-scale networks or big data. In the -
fraction rule, 7, ,,;’s are the same for all neighbors u;’s. In fact,
Tv,u,; can be considered as the strength of the tie between the
two nodes v and wu;. If such external information is available,
Tv,u; can be set differently for each neighbor to better reflect
the situation of the real world.

D. The algorithm LinkSCAN

LinkSCAN consecutively performs link-space transforma-
tion, structural clustering, and membership translation, which
will be explained in the following subsections.

1) Link-Space Transformation: Algorithm 2 shows the pro-
cedure of transforming an original graph G into the link-space
graph LS(G). The links in G are transformed to the nodes in
LS(G) (Lines 1~4); the nodes in LS(G) are connected if the
corresponding links in G are incident to the common endpoint
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Algorithm 2 LinkSpaceTransformation

Algorithm 3 StructuralClustering

INPUT: a graph G = (V, E)

OUTPUT: the link-space graph LS(Q) = (V',E")

1: /* create the nodes of LS(G) */

2: for each (vy,vy) € E do

3 insert v,  into V',

4: end for

5: /* create the links of LS(G) *

6: for each v, € V do

7. create N(v,) = {vy|d(vs,vy) =1}
8. for each v,, € N(v,) do

9: for each vy, € N(v,)\{vy, } do
10: insert (ve, , );Ve. ,,,) into E';
11 end for

12 end for

13: end for

14: /* assign a weight to each link of LS(G) *
15: for each (ve. ,  sve. . ) € £ do

. _ |F(le)ﬁF(vw2)\ .
16: W(Ve(z )>Veieun)) = [Fowy U (oug)l
17: end for

(Lines 5~13); and a weight is calculated using the links in G
and is assigned to each link of LS(G) (Lines 14~17).

2) Structural Clustering: Algorithm 3 shows the procedure
of clustering the nodes of the link-space graph, and the overall
procedure is similar to SCAN. At each iteration, we randomly
select a unclassified node v of a link-space graph (Line 4)
and find a structure-connected cluster of v if it is a core node
(Lines 5~21). The node v will have neutral membership if it is
not a core node (Lines 22~24). The correctness of Algorithm
3 is asserted by the following theorem.

Theorem /: Under any core selection rule such that a node
v € V' is a core node w.r.t. f, with nonnegative Tou; S» € >
0, and g > 0, there will be a unique community structure
obtained by Algorithm 3.

Proof: (Sketch) When 7, ,;, = 1 for v € V' and all
uj € Nc(v), the proof can be found in [8]. The structural
reachability and connectivity used in SCAN can be directly
extended to the case of any similarity measure between nodes.
We show that it still holds for various nonnegative 7, ,,’s.
Algorithm 3 decides whether a randomly selected node is a
core or not at each iteration. Each decision depends only on
the selected node v € V” and its corresponding core selection
function f,,, because two global parameters ¢ and p are fixed
for every iteration. Hence, we can choose a set of core nodes
deterministically regardless of the order of selecting nodes.
The remaining part of the proof is the same as [8] since the
output of the algorithm is determined by € and p when the
core selection for all the nodes is done. [ ]

3) Membership Translation: This step restores the mem-
bership of a node from the result of link clustering. Simply,
the membership of a link is mapped to that of its endpoints.
Here, a node can belong to multiple communities if multiple
links are incident to the node.

INPUT: a graph LS(G) = (V', E’) and parameters ¢ and p
OUTPUT: a disjoint clustering LC' of LS(G)
1: Set clusterID to be 0; /* an initial id */

2: Mark all nodes in V' as unclassified,
3. LS(G) = (V', E’) with the weight w
4: for each unclassified node v € V' do

5 if v is a core then

6 generate a new clusterID;
7: add N.(v) to a queue Q;
8: while Q) # 0 do

9 y < the first node in Q;

10: R = {z € V'|z is directly reachable from y};
11: for each z € R do

12: if x is unclassified or neutral then

13: /* x belongs to the current cluster */
14: assign the current clusterID to x;

15: end if

16: if = is unclassified then

17: insert x into Q;

18: end if

19: end for

20: remove y from Q);

21: end while

22:  else

23: label v as neutral; /* neurtal membership */
24:  end if

25: end for

4) Computational Complexity: The dominant part of
LinkSCAN is structural clustering (Algorithm 3), and its run-
ning time is proportional to the number of links in LS(G).
We already discussed in Section II that each node of degree
d; of G forms a clique of size d; (with d;(d; — 1)/2 links)
in LS(G). It implies that the number of links in LS(G) is
equivalent to ), d;(d; — 1)/2. Thus, the running time of
LinkSCAN on a network G = (V, E) is O(n{d?)), where n
is the total number of nodes and (d?) is the average value of
the square of the degree of G. Therefore, LinkSCAN runs in
O(n) for sparse networks.

E. The Algorithm LinkSCAN*

1) Sampling Strategy: LinkSCAN* additionally executes
the sampling step before structural clustering. Since the run-
ning time of LinkSCAN is heavily dependent on the number
of links, it is reasonable to reduce computational complexity
by considering only a subset of links of the link-space graph
LS(G) = (V',E’). In Step 2 of Algorithm 1, for each node
v € V’, we take a random sample of size n, from the set of
incident links of v. After finishing sampling for every node,
we construct a smaller network LS'(G) = (V/, E”), where
E" C E' such that E” is the union of all sampled links on
LS5(G).

A key issue is how to determine a proper sample size 7,
and we obtain it by Eq. (3), where « and /3 are nonnegative
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constants used to control the sample size. Sampling is done
only for the nodes having a sufficient number of incident links.
That is, at a low-degree node whose degree is smaller than
«a + B1nd,, its all incident links are sampled. Our heuristic
method of determining these parameter values is discussed in
Section III-F.

n, = min{d,,a + flnd,} )

2) Error Bound: Sampling of links may introduce errors in
the value of the core selection function f,. In Theorem 2, we
formally prove that the errors are not significant even when
the sample size n, is small. Theorem 2 also explains why we
take the sample size by the form of Eq. (3).

Theorem 2: For a node v € V’, let f, be a core selection
function with Tou; = 1/d,. Let s = n, be the sample size for
the node v and {(v,u1),...,(v,us)} be a set of the sampled
links among the incident links of v. Let x5 = I(w(v,u;) >
€) for each i € [1,s]. Then, X, = 1377 | X7 is an estimate
of f, using the sampled incident links of v. The errors of this
estimation are bounded by Pr(|X, — f,| > §f,) < 1/d, if
s > 3(Ind, + In2)/(f,6?), for any constant § > 0.

Proof: Let us first introduce Lemma 1. This lemma
explains that the sample mean of n independent trials is an
estimator of p, where the probability that the absolute value
of the bias is larger than J times of p decreases exponentially
as the sample size n increases.

Lemma /: (Chernoff bound[13]) Let Xq,...,X,, be in-
dependent Bernoulli random variables with the probability of
success p. Then, for any & € [0,1], Pr(|X — p| > dp) <
27" /3 where X = 1" X,

We apply Lemma 1 to the proof of this theorem. Let’s
consider a procedure of choosing s links one by one. Re-
placing n, X;’s, and p by s, Xl(,l)’s, and f, respectively, we
obtain that Pr(|X, — fo| > 6f,) < 2e~5/+°/3 < 1/d, if
s > 3(Ind, +In2)/(f,6?). ]

Theorem 2 says that the estimate X, is very likely to
be close to the true value f, when we take a sample of
size 3(Ind, +In2)/(f,62). The probability that X, is esti-
mated wrong is limited to be 1/d,, which is typically small.
Meanwhile, the required sample size is much smaller than
the node degree d, especially at high-degree nodes, which
is really desirable since it is more effective to reduce the
computation cost for such high-degree nodes. For example,
when d, = 1,000, f, = 0.7, and § = 0.3, then the bound
is guaranteed if we use only about 1/3 of all incident links
of v. Since the Chernoff bound[13] is a bound for the worst
case, in practice it is more reasonable to determine the sample
size to be even smaller than 3(Ind, + In2)/(f,6%), and in
Section IV, we empirically confirmed that LinkSCAN* could
still achieve very high accuracy. Overall, Theorem 2 provides
the theoretical ground of the running-time enhancement of
using sampling.

As a measure of the efficiency of the sampled links, we
define the sampling rate of links by Definition 6. It increases
monotonically from 0 to 1 as either a or 3 increases.

Definition 6: The sampling rate of links is defined by the
ratio of the number of the sampled links to the total number
of links in LS(G).

FE. Parameter Selection

1) Parameters for Structural Clustering: LinkSCAN uses
the two input parameters € and . Our experience indicates that
1 1s less sensitive to the performance of LinkSCAN than e. In
addition, we have found by a set of extended simulations that
our algorithm successfully identifies the clusters with . = 0.7.
Thus, we decide to fix the value of p to be 0.7 and to find the
good estimates of e.

Our heuristic method is similar to the one developed for
DBSCAN [14]. First, we sample a certain fraction (or number)
of the nodes of a link-space graph. For each sampled node v,
we compute the 100u-th percentile lowest value among link
similarities between v and each of its neighbors. Then, we plot
the curve for the 100u-th percentile lowest similarities, sorted
in descending order, as in Figure 7(a). The goal here is to find
the values corresponding to the “knees” of the curve. Such
knees are found in most cases, and the set of the nodes that
belong to a cluster should change a lot around these values.
Thus, the values are suggested for the estimates of e.

The knees in the plot are detected in an automated way.
We first normalize both axes and rotate the plot by 45 degrees
clockwise. Figure 7(b) is obtained from Figure 7(a) in this
way. Please note that the knees become more visible in Figure
7(b) than in Figure 7(a). Then, the next step is to find all
local extreme points in this plot. For instance, there are three
candidates for € in Figure 7(b), and the set of these three values
are provided to the algorithm.
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(a) 100pu-th percentile similarities. (b) 45 degrees clockwise rotation.

Fig. 7. The 100p-th percentile plot for parameter selection.

According to our extensive tests, we have found out that a
good clustering is mostly achieved at the suggested values of e,
as we will show in Section IV-A. However, sometimes a good
clustering is achieved at a small value of e¢. Thus, when the
number of suggested values is only one, in order to increase
the chances of finding a good clustering, three or four values
are randomly selected from the range (0.0,0.1) and are added
to the set of suggested values. Since other algorithms usually
recommend trying several parameter values and picking up the
best result, trying these randomly-selected parameter values in
our algorithm does not harm the fairness of comparison.
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2) Parameters for Link Sampling: LinkSCAN™ uses the two
additional parameters « and S of Eq. (3) to control the sample
size m,. Determining a good sample size plays a crucial role
in achieving both high efficiency and low errors. For too small
a sample size, the errors will increase; for too large a sample
size, the efficiency gain will decrease.

Our heuristic method is that the sample size should be at
least the average degree of the link-space graph and increase
slowly with respect to the node degree. The justification for
“slow” increase is that a larger gap between a sample size and
the node degree is allowed for higher-degree nodes according
to Theorem 2. Thus, we will set « to be the average degree
of the link-space graph and /3 to be a small constant.

For «, the average degree of the link-space graph is
calculated by the first equality of Eq. (4), where (d) is the
average degree of the original graph. If the degree distribution
is non-skewed, e.g., the case of standard random graphs, the
average degree of the link-space graph can be approximated
by 2(d) — 2. Consequently, we recommend setting « to be
2(d). For 3, our experience indicates that LinkSCAN* shows
the results closest to LinkSCAN with g = 1.

QZievdi(di—l)/2 B ) o B
Sicv di/2 =2((d*)/{d) = 1) = 2(d) —2 (4)

Surprisingly, « = 2(d) with § = 1 performs well in all
data sets in Section IV, whose degree distributions are diverse
including power-law distributions. In our experiments, the
NMI similarity measure between LinkSCAN and LinkSCAN*
exceeds 0.9 even if the sampling rate of links is 0.5 = 0.2 in
synthetic networks and less than 0.3 in real-world networks.

IV. EXPERIMENTS

In this section, we examine the performance of our proposed
algorithms LinkSCAN and LinkSCAN*. We extensively tested
our algorithms on both synthetic networks (Section IV-A) and
real-world networks (Section IV-B). In all experiments, we set
u to be 0.7, « to be 2(d), and /3 to be 1, as discussed in the
previous section.

We compared the performance of five algorithms including
our two algorithms. The three existing algorithms have been
recognized as the state-of-the-art overlapping community de-
tection algorithms, which will be explained in Section V.

(1) LinkSCAN: our proposed algorithm without sampling

(2) LinkSCAN*: our proposed algorithm with sampling

(3) the CPM (Clique Percolation Method) [3], (1]

(4) the link-partition method [2], [4]%

(5) the COPRA (Community Overlap PRopagation Algori-
thm) [6]

The weaknesses of these existing algorithms are that they do
not perform well for (i) the networks with many highly over-
lapping nodes, (ii) the networks with various base-structures,
and (iii) the networks with many weak ties. In contrast, we

Thttp://www.cfinder.org/
Zhttp://barabasilab.neu.edu/projects/linkcommunities/
3http://www.cs.bris.ac.uk/~steve/networks/software/copra.html

confirmed by extensive experiments on various networks that
LinkSCAN and LinkSCAN* resolve those problems.

All experiments were conducted on Ubuntu Linux Servers
with one CPU of Intel Xeon Processor E5620 and 96 GBytes
of main memory. LinkSCAN and LinkSCAN* were imple-
mented in C/C++ using the gcc compiler and the igraph
library*; our heuristic method for parameter selection was
implemented in R with the igraph library. For all other
algorithms, we used the software packages provided by the
authors, which are available on the Web.

A. Synthetic Networks

1) Data Generation: In order to demonstrate the perfor-
mance of our proposed algorithms, we investigated the results
on synthetic networks generated by the LFR benchmark [15].
It has been considered as a de facto standard model for
generating networks with overlapping community structure
that overcomes the drawbacks of the GN benchmark [16].

We analyzed the networks that have 1, 000 and 5, 000 nodes,
which are the most common settings for the benchmark.
The synthetic networks were built with varying the parameter
values of degree of overlapping, average degree, community
density, and so on. The parameters we used for the LFR
benchmark are described in Table III.

TABLE III
PARAMETERS FOR THE LFR BENCHMARK (SELECTED).

Param.  Description

N the number of nodes

(k) the average degree

Hmiz the mixing parameter

On the number of overlapping nodes
Om the number of communities per node

2) Evaluation Metrics: For the traditional graph partition-
ing problem, the Normalized Mutual Information (NMI) has
been most widely used to measure the quality of partition
when the ground-truth is known. Recently, Lancichinetti et
al. [17] proposed an extended version of the NMI, which can
be used for the case when a node may belong to more than one
cluster. Note that the NMI is based on the information theory
that compares the similarity between the memberships of two
groups. Here, one group indicates the results of community
detection, and the other group the ground-truth communities.
Thus, the NMI naturally evaluates the quality of community
detection. It ranges from O to 1 by normalization, and a higher
value represents a better quality.

We also use the F-score that quantifies the performance of
identifying overlapping nodes. For the ground-truth commu-
nities, we consider the vector of length N (number of nodes)
where an element has a value 1 if the corresponding node
belongs to multiple communities and O elsewhere. Another
vector is constructed in the same way for the results of
community detection. Then, comparing these two vectors gives
an accuracy of identifying overlapping nodes.

“http://igraph.sourceforge.net/
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Fig. 9.  Effects of the degree of overlapping (tmiz = 0.1,0,/N =
0.3, (k) = 10 and varying Oy, from 2 to 5).
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Fig. 11. Effects of the average degree (imiz = 0.1, 0y = 2,05, /N = 0.3
and varying (k) from 5 to 20).
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Fig. 8. NMI values when varying e for a LFR benchmark graph.

3) Parameter Selection: We would like to show that our
heuristic method for € selection in Section III-F is robust and
accurate. Figure 8 reports the NMI values when varying the
value of e with the four values of i for a LFR benchmark
graph. First, 1 is less sensitive than e since the highest NMI
value can be achieved for every value of x4 at a different value
of €. Thus, it is reasonable to fix the value of u. Second, the
NMI values at the €’s values suggested by our heuristic method
are very close to the highest NMI value. In this figure, the
NMI value at the suggested value ¢ = 0.17 is 0.926, and the
highest NMI value is 0.931. The same situation happened for
other networks. Thus, we conclude that our heuristic method
successfully finds the good parameter values.

4) Clustering Quality: We explain our results with the three
scenarios below. The impact of each parameter is investigated
with other parameters fixed at the typical values suggested by
Xie et al. [18].
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Fig. 10. Effects of the fraction of overlapping nodes (tyiz = 0.1, 0 =
2, (k) = 5 and varying O, /N from 0 to 0.5).
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Fig. 12. Effects of the community density (O, = 2,0, /N = 0.3, (k) =
10 and varying fi, i, from 0.1 to 0.3).

e Networks with many highly overlapping nodes: To gener-

ate highly overlapping nodes, we increased the value of
Oy, from 2 to 5. In Figure 9, LinkSCAN and LinkSCAN*
perform well even if the average number of clusters per
node is not small, e.g., 4 or 5. It is very natural that
the accuracy goes down as the degree of overlapping in-
creases. In addition, to generate many overlapping nodes,
we increased the faction of overlapping nodes, which is
O,,/N, from 0 to 0.5. Again, in Figure 10, our algorithms
successfully identify the overlapping community structure
when there exist many overlapping nodes, e.g., 40%
or 50%. It is worthwhile to note that the performance
gain increases as O,, or O,, /N increase especially when
N = 1,000, i.e., when there are many overlaps relative
to the network size.

e Networks with various base-structures: In general, it

is hard to discover overlapping community structure
for spare networks. However, as shown in Figure 11,
LinkSCAN and LinkSCAN* perform well for a wide
range of (k)’s(the average degree). In particular for
sparse networks, our algorithms do not fail to discover the
reasonable structure even if there are many overlapping
nodes, e.g., O,/N = 0.3. The experiments show that
the COPRA has a performance similar with our algo-
rithms for the networks with the average degree larger
than 10~15. However, only our algorithms offer good
performance for sparse networks.



In addition, LinkSCAN and LinkSCAN* give results
better than or comparable to other algorithms for a wide
range of fi,,, (the mixing parameter) as in Figure 12. It
is the ratio of the number of inter-community links to the
total number of links, and thus, it can be considered as the
internal density of a community. Overall, we believe this
result is meaningful in that our algorithms can discover
communities of various internal density.

o Networks with many weak ties: Since there is no way of
controlling weak ties by the LFR benchmark, we created
two very simple networks in Figure 13. The color of a
node represents the community membership generated by
LinkSCAN and LinkSCAN™. A vacant node means that it
does not belong to any community. It is obvious that our
results are reasonable. However, other three algorithms
failed even for these toy data sets.

| S o 0

Fig. 13.

Networks containing weak ties.

5) Overlapping Quality: Figure 14 shows the results of
the F-score as the average degree increases. The parameters
were configured as follows: € = 0.07 in both LinkSCAN and
LinkSCAN*, v = 9 in the COPRA, and k£ = 4 in the CPM.
Our algorithms consistently won at this setting for many highly
overlapping nodes (O,,, = 5 and O,,/N = 0.4). This figure
indicates that the accuracy of identifying overlapping nodes
in our algorithms is very high.

Methods —+— COPRA —+- CPM -=- LinkPartition —— LinkSCAN -#- LinkSCAN*
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Fig. 14. Results of overlapping quality.

B. Real-World Networks

1) Data Sets: Table 1V lists the real-world networks used
for our experiments. Here, (k) and (C) are the average degree
and clustering coefficient, respectively. For the network (a), we
downloaded DBLP XML records and constructed a network
such that each author becomes a node and two authors are
connected if they coauthored a paper. For other networks,
we downloaded them from the Web: (b), (c¢), and (d) from

the Stanford Large Network Dataset Collection?, (e) from the
Facebook New Orleans Network [19], and (f) from Barabasi’s
network databases .

TABLE IV
REAL-WORLD NETWORKS FOR EXPERIMENTS.

Name # nodes # links (kY {C)
(a) DBLP 1,068,037 3,800,963 7.50 0.19
(b) Amazon 334,863 925,872 553 021
(c) Enron-email 36,692 183,831 10.02  0.08
(d) Brightkite 58,228 214,078 7.35  0.11
(e) Facebook 63,392 816,886  25.77 0.15
(f) WWW 325,729 1,090,108 6.69  0.09

2) Evaluation Metrics: When the ground-truth community
is unknown, the modularity is one of the most popular mea-
sures that evaluate the quality of clustering. Thus, we use the
modularity measure M°¥ of networks with overlapping com-
munities, which was introduced by Lazar et al. [20]. For each
cluster ¢,, a MCO:’ value is calculated such that it represents
the normalized quantity of the difference between the inward-
going links and the outward-going links. Then, the average
value of MJ?’s is defined as the modularity with overlapping
communities. It ranges from —1 and 1, and a higher positive
value represents a better quality.

Intuitively, the M©°" value is larger if each community
is more densely connected, and it could be higher if there
are only a small number of nodes having a cluster mem-
bership. Thus, we need to consider two factors—quality and
coverage—together to evaluate the performance of clustering
when the ground-truth is unknown. For the former, the modu-
larity is used. For the latter, we measure the fraction of nodes
having a cluster membership [2], and the clustering coverage
is denoted by CC.

3) Quality and Coverage: Figure 157 shows the results for
the real-world networks. Each of M°Y and C'C' is normalized
such that the minimum possible value is O and the best
algorithm attains 1. When calculating C'C, we removed trivial
clusters whose members are less than 3. The sum of the two
normalized values, which ranges from 0 to 2, is plotted in the
figure. The best result was chosen for each algorithm after
trying several parameter values suggested by the algorithms.
The algorithm names are written by initials: COPRA by CO,
CPM by CP, LinkPartition by LP, LinkSCAN by LS, and
LinkSCAN* by L*.

In Figure 15, either LinkSCAN or LinkSCAN* shows the
best M°¥ and M°’ + CC values in each data set. Let’s
look into the main reasons for the poor modularity values of
the existing algorithms in the DBLP network. The COPRA
produced too many small-sized communities: those whose
members were less than or equal to 3 took 74.6% of all
the communities. The CPM and the link-partition method
produced excessively overlapping communities: the number of

Shttp://snap.stanford.edu/data/

Ohttp://www.nd.edu/~networks/resources.htm

TThe CFinder software based on the CPM crashed for the Enron-email,
Facebook, and WWW networks.
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Fig. 15. Results for real-world networks.

the nodes that belonged to no less than 30 communities was
203 in the CPM and 66 in the link-partition method. On the
other hand, the existing algorithms’ high coverage is mainly
due to one giant community containing almost all nodes.

Overall, this result represents that LinkSCAN and
LinkSCAN™ discover meaningful community structures for a
large fraction of real-world networks.

4) Case Studies: We have found several interesting cases
which LinkSCAN and LinkSCAN* produce reasonable results
but others do not. Here, we introduce only two cases because
of the page limitation.

o In the CPM and the link-partition method, higher-degree
nodes tend to overlap more excessively. It is known that
Paul Erdos is one of the most prolific mathematicians.
He had the habit of traveling from campus to campus:
he did not stay long in one place and traveled back
and forth among mathematical institutions until his death.
This means that most links between Erdos and his collab-
orators are weak ties, and Erdos should be a super-hub.
The CPM and the link-partition method detected 8 and 10
communities containing Erdos, respectively. In contrast,
our algorithms and the COPRA concluded that he was
not contained in any specific community, producing the
correct result in our opinion.

o The CPM has a weak point in handling loosely-connected
networks. In the DBLP network, if an author has written
every paper with a small number of coauthors, he/she is
not likely to be covered by the CPM even though he/she
has several distinct coauthors. For example, Prakash P.
Shenoy wrote 72 papers with 24 coauthors, and Stephen Y.
H. Su 37 papers with 22 coauthors. They did not belong
to any community in the CPM, whereas they properly
belonged to one or more communities in our algorithms.

C. Comparison between LinkSCAN* and LinkSCAN

We compared LinkSCAN* with LinkSCAN when varying
the sampling rate of links for the Enron-email data set.
This case shows an ordinary performance among our real-
world network data sets. Figure 16(a) reports the NMI values
between the outputs of LinkSCAN* and LinkSCAN, and
Figure 16(b) their running times. To control the sampling
rate of links, « doubled from 0.5(d) to 16(d) while 5 was
fixed to be 1. In general, the community detection result and
running time of LinkSCAN™ get closer to those of LinkSCAN
as more links are sampled. When « = 2(d) (marked by a red
circle) according to our heuristics, using only less than 10% of

links, the NMI similarity value exceeded 0.9, and the running
time improved by about 10 times. Thus, LinkSCAN* is shown
to significantly improve efficiency with introducing negligible
errors compared with LinkSCAN.
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Fig. 16. Performance of LinkSCAN* for various sampling rates.

D. Scalability

We also checked the scalability of our proposed algorithms.
We generated the LFR benchmark networks varying the num-
ber of nodes from 1, 000 to 1,000, 000 with the average degree
fixed. The running time of LinkSCAN™ for these networks is
plotted in Figure 17, and it shows that LinkSCAN* has near-
linear scalability. This result is encouraging and conforms to
our complexity analysis in Section III-D. Hence, LinkSCAN*
is shown to be efficient to support large-scale networks.

10 10° 10° 10*

Running time (sec.)

1

T T T T
0.001 0.01 0.1 1

Number of nodes (millions)

Fig. 17. Near-linear scalability of LinkSCAN*.

V. RELATED WORK

In recent years, several clustering methods to uncover the
overlapping community structure have been proposed [2], [4],
[6], [21], [1], [22], [23]. The reader can get more details in
a nice survey paper by Xie et al.[18]. We explain the three
popular approaches compared in Section IV.

A. The Clique Percolation Method (CPM)

The CPM is a density-based technique, and it builds up
the communities by taking each community as a maximal
union of all k-cliques that are connected. Here, two k-cliques
are connected if they share £ — 1 nodes. For k& = 2, the
CPM defines a community as a connected component of
the network. For a suitable k, the members in a community
obtained by the CPM can be reached through connected
subsets of nodes, and the communities may share nodes with
each other. However, it is sensitive to the parameter k; there is
a trade-off between the quality of clustering and the coverage.

302



For instance, when £k is large, the CPM finds communities well
(high quality), but it covers only a small fraction of nodes (low
coverage).

B. The Link-Partition Method

The link-partition method uses the similarity among rela-
tionships. It first converts a given graph G into the line graph
L(G), which is a graph such that each node of L(G) represents
a link of G and two nodes of L(G) are adjacent if and only
if their corresponding links are adjacent in G. Then, one can
easily show that the node-partition of L(G) maps one-to-one
and onto (one-to-one correspondence) the link-partition of G,
which is an overlapping clustering for a set of nodes. Evans
and Lambiotte [4] developed a link-to-link random walk, and
Ahn et al. [2] proposed a Jaccard-type similarity to produce a
partition of a set of links of the given network. These methods
obtain the link communities and convert them to the node
communities whose members can overlap. However, they tend
to find unnecessary small clusters and may produce too many
overlapping nodes.

C. The Label Propagation Method

The label propagation method also has been widely used
for detecting communities in large complex networks. In this
algorithm, all nodes propagate their labels to their neighbors
for one step so that they reach a consensus on their community
membership in many cases. Recently, an extension, named
the Community Overlap PRopagation Algorithm (COPRA), to
detect overlapping communities was proposed by Gregory [6].
They extended the label and propagate steps to include the
information about more than one community. Owing to the
simplicity of the procedure, the label propagation method is
very fast, but it fails to converge in general [24].

VI. CONCLUSIONS

In this paper, we have presented a novel notion of the
link-space transformation. This notion enables us to com-
bine the advantages of both the original graph and the line
graph, thereby conveniently achieving high-quality overlap-
ping communities. Based on this notion, we have developed
two overlapping community detection algorithms: LinkSCAN
and LinkSCAN*. The latter is an enhancement of the former
for higher efficiency.

We have conducted extensive experiments using various
synthetic and real-world networks. The results on the synthetic
networks demonstrate that, in terms of the NMI values, our
algorithms outperform existing algorithms especially for the
networks with many highly overlapping nodes and those
with various base-structures (e.g., a wide range of average
degrees or community densities). Furthermore, for the real-
world networks, our algorithms are shown to produce higher
quality and coverage than existing algorithms.
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