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Abstract. Diffusion of information via networks has been extensively studied for decades. We study the
general threshold model that embraces most of the existing models for information diffusion. In this paper,
we first analyze diffusion processes under the linear threshold model, then generalize it into the general
threshold model. We give a closed formula for estimating the final cascade size for those models and prove
that the actual final cascade size is concentrated around the estimated value, for any network structure with
node degrees ω(log n), where n is the number of nodes. Our analysis analytically explains the tipping point
phenomenon that is commonly observed in information diffusion processes. Based on the formula, we devise
an efficient algorithm for estimating the cascade size for general threshold models on any network with
any given initial adopter set. Our algorithm can be employed as a subroutine for numerous algorithms
for diffusion analysis such as influence maximization problem. Through experiments on real-world and
synthetic networks, we confirm that the actual cascade size is very close to the value computed by our
formula and by our algorithm, even when the degrees of the nodes are not so large.

1 Introduction

How information, ideas, and rumors diffuse through a so-
cial network has been a fundamental question for many
decades in various disciplines including computer science,
social science, and economics [1–5]. Analysis of informa-
tion diffusion patterns is crucial in understanding and pre-
dicting information flows in applications ranging from epi-
demiology to viral marketing. For instance, suppose that a
small fraction of individuals are attracted by a marketing
strategy (i.e., by providing a sample or a discounted price)
and that they purchase a product. Then, either actively
or inactively, their purchases influence their neighbors by
some form of word-of-mouth effect, triggering an informa-
tion cascade in the network.

There is vast literature on information diffusion anal-
ysis in social and information networks [6–11]. Various
models of information spreading have been studied. In par-
ticular, the independent cascade model (or the stochastic
SIR model), the linear threshold model, and their gener-
alization proposed by Kempe et al. [12], called the general
threshold model, are established based on the common as-
sumption that the neighbors play significant roles for the
spread of information [6]. The general threshold model
can also be used to describe wide variety of other social
network diffusion models (see Appendix A).

In the analysis of diffusion process, the computation
of the final cascade size is of the most interest. One essen-
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tial drawback of most of previous studies on the cascade
analysis is that they are not typically applicable to gen-
eral classes of network structure, since they have focused
on limited conditions such as complete graphs [6] and lo-
cally tree-like networks [9,10,13]. However, the structure
of interactions among individuals in real societies is of-
ten highly clustered, meaning that the network has many
triangles and short cycles.

In this paper, we first develop a new technique to es-
timate the final cascade size under the linear threshold
model, then generalize it into the general threshold model.
We give a closed formula that estimates the final cascade
size and prove its closeness to the actual cascade size. Sur-
prisingly, the accuracy of our estimation is proved to be
dependent only on the size of network. This implies that
the final cascade size is asymptotically independent of net-
work structure if the network is slightly dense. Moreover,
unlike many previous studies, our result applies to any
threshold distribution of the general threshold model. Ad-
ditionally, our method analytically explains the tipping
point phenomenon, in which the slight change in initial
condition can result in drastic change in the final cascade
size.

1.1 The general threshold model

For a given graph G = (V, E), each node v ∈ V can be
in one of two states; active (state 1) or inactive (state 0).
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In the general threshold model, each node v has its own
threshold function fv:{0, 1}dv → [0, 1] which depends only
on the states of its in-neighbors where dv is the in-degree
of v. The fv is assumed to be monotonically increasing
pseudo-boolean function. At the beginning of diffusion
process, a threshold value θv ∈ [0, 1] is drawn from a prob-
ability distribution μ in an i.i.d. manner, for each node
v ∈ V . We call μ the threshold distribution.

The diffusion process then proceeds in discrete time
steps t = 0, 1, 2 . . .; let Zv(t) = 1 if v has adopted the in-
formation at iteration t and Zv(t) = 0 otherwise. At time
t = 0, each node v ∈ V becomes a initial adopter indepen-
dently with some probability xv. Then for each iteration
at t = 1, 2, . . ., each node v adopts the information at t
if fv(Nv(t − 1)) ≥ θv, where Nv(t) = (Zu(t))uv∈E . This
step-wise process repeats itself until no additional adop-
tion is possible. The final cascade size Z is defined as the
number of nodes that have adopted the information at the
end of the process.

One of the most widely studied general threshold mod-
els is the linear threshold model, in which the thresh-
old functions fv are linear [6,14,15], i.e., each edge has
a weight, and a node v becomes active if the weighted
sum of its activated neighbors exceeds θv. For instance,
fv(Nv(t)) =

∑
u:uv∈E wuvZu(t), where wuv = 1/dv, has

been widely studied [9]. Another important example of the
general threshold model is the SIR (Susceptible-Infected-
Recovered) model . In this model, each active node has
a single chance to influence each of its neighbors inde-
pendently with some edge activation probabilities. More
examples of the general threshold model are given in
Appendix A.

1.2 Related work

Although information diffusion processes in social net-
works have been researched extensively, estimating the
final cascade size has been limited to the networks with
unrealistic assumptions, which are far from actual prop-
erties of real-world social networks. Also, the threshold
model has rarely been analyzed for arbitrary graphs and
arbitrary threshold distributions because such analysis is
very difficult [16]. Here we review related works on esti-
mating the cascade size for some class of diffusion models
in networks, along with their assumptions.

(i) Assumptions on network structure: Granovetter’s
pioneering work on the linear threshold mod-
eldemonstrates the information diffusion patterns
and conditions for the occurrence of a tipping point
on complete graphs [6]. Watts provided how a global
cascade is triggered for a sparse, random network
without short cycles, under the linear threshold
model [9].
Whitney’s work states that in Erdös-Rényi random
graphs where the threshold values of all nodes are
the same, the average cascade size and the set size of
initial adopters that triggers a global cascade can be

computed [10]. Likewise, most of previous works as-
sumed locally tree-like network structure, while real-
world social networks usually have a lot of triangles
and short cycles.

(ii) Assumptions on threshold distributions: In some pre-
vious studies under the threshold models, it is as-
sumed that threshold values θv are drawn from the
uniform distribution μ on [0,1], or θv are assumed to
be constant.

Another general assumption for estimating the cascade
size is that the final cascade size Z as a function of a given
set of initial adopters is submodular. However, assuming
that Z is submodular usually imposes strong condition
on threshold distributions. For example, one can prove
that under the linear threshold model, Z is submodular if
and only if the threshold distribution μ is non-increasing.
However, it is known that μ follows neither non-increasing
nor uniform distribution in most real-world scenarios, but
follows some bell-shaped distributions, such as the normal
distribution [4,17].

1.3 Our contribution

(1) We provide a closed formula that estimates the final
cascade size under the general threshold model. Our
result only requires that all nodes v ∈ V have degrees
ω(log n), where n = |V |, and that the initial adopters
are chosen independently at random with some iden-
tical probability (i.e., xv = x for all v ∈ V ). Also, the
threshold distribution μ can be any continuous prob-
ability distribution. In Section 3, we apply additional
technique so that the xv’s can be distinct for each
v ∈ V .
From our result, it follows that the final cascade size
is asymptotically independent of network structure.
Moreover, our analysis displays the tipping point phe-
nomenon that is frequently observed in real-world in-
formation diffusion scenario, where a slight change in
initial adoption pattern can affect greatly on the final
cascade size. Therefore, our analysis can comprehen-
sively be applied to many diffusion processes in so-
cial networks, for example, caused by the public and
targeted advertising with word-of-mouth communica-
tions.

(2) Based on our result, we also devise an heuristic algo-
rithm Influence Estimate for estimating the final
cascade size. Our algorithm is much more rapid than
the traditional Monte-Carlo simulation.
Influence Estimate can be employed as a subrou-
tine of many algorithms for diffusion size analysis
such as influence maximization problem [12,18–20],
which is interesting since the influence maximiza-
tion under the threshold models has not been stud-
ied widely [21,22], unlike the independent cascade
model. Influence Estimate is also applicable for
measuring the resilience and the vulnerability of net-
works [16,23]. The goal of this problem is to find
robust structures of networks in the presence of
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cascading failures or attacks, such as a financial cri-
sis [24], an electrical blackout [25], the failure of In-
ternet routers [26], and the spread of a disease [27].

(3) A set of experiments to confirm correctness of our
closed formula and Influence Estimate were con-
ducted on real-world and synthetic network topolo-
gies. Interestingly, although the computation in
Influence Estimate is formally based on the ex-
tended result for the general threshold model case,
not only does it successfully compute the cascade sizes
for the cases that strictly follow our assumptions, but
also the result is applicable for many cases that do
not fully satisfy the conditions required for our analy-
sis for the general threshold model (e.g. the degree of
each node is less than log n).

1.4 Organization

The rest of the paper is organized as follows. In Section 2,
we prove the result of our technique on the linear thresh-
old model. In Section 3, we generalize our result to an
arbitrary general threshold model, which gives rise to In-
fluence Estimate algorithm. Then, Section 4 shows ex-
perimental results, and Section 5 describes directions for
the future work.

2 Estimation of final cascade size in linear
threshold model

In this section, we state and prove a closed formula that
estimates the value of the final cascade size Z in the lin-
ear threshold model. First, consider a simple case with a
complete graph topology with n nodes where wuv = 1

n−1 ,
as described by Granovetter [6]. Let F0 be the cumulative
distribution of μ. Let αt be the proportion of influenced
nodes at iteration t, i.e., αt =

∑
v∈V Zv(t)

n . Note that α0 is
the fraction of initial adopters. At iteration 1, any nodes
with thresholds at most α0 will adopt the information.
Likewise, at iteration (t + 1) with αt given, any nodes
with thresholds at most αt will adopt the information.
Since Pr(θv ≤ αt) = F0(αt), we get αt+1 ≈ F0(αt) for
t = 1, 2, 3 . . . by standard concentration theorems such as
the Chernoff bound. Let α∗ be the minimum solution of
F0(α) = α. By repeating this process for t = 0, 1, 2, . . . ,
we obtain that Z ≈ nα∗ as in Figure 1.

In the work, we extend this observation into more gen-
eral setup. Here we suppose that all individuals become
initial adopters with an identical initial adoption probabil-
ity x, i.e., xv = x for all v ∈ V . The threshold values θv are
normalized to be in [0, 1]. Consider an arbitrary threshold
distribution μ, and assume that

∑
u:uv∈E wuv = 1 for all

v ∈ V 1.

1 In the linear threshold model,
∑

u:uv∈E wuv ≤ 1, and by
normalizing wuv’s and θv’s, we may assume

∑
u:uv∈E wuv = 1

without loss of generality.

Fig. 1. These two plots describe where the convergence point
α∗ occurs for F0 and F . In F where F (0) is set to be x+ δ, the
convergence point jumps to far greater value, resulting in the
tipping point phenomenon. This can represent, for example,
the effect of initial marketing in real-world diffusion scenarios.

In order to simplify our analysis, note that the linear
threshold model with a new cumulative threshold distri-
bution F = x+(1−x)F0 and zero initial adoption proba-
bility is equivalent to the linear threshold model with F0

and initial adoption probability x. In other words, under
threshold distribution F , every node has constant prob-
ability x for its threshold θv to be exact 0, which means
that these nodes will inevitably adopt information at itera-
tion 0. Thus, we consider the general cumulative threshold
distribution F with x = 0 for the ease of explanation.

Let α0 = x and αt = F (αt−1) for t ∈ N. Let
α∗ = limt→∞ αt. Note that the definition of αt and
α� are slightly different from those in the example at
the beginning of this section, but one can check that
α∗ = min{α|F (α) = α} ≤ 1. We will essentially prove
that the final cascade size is very close to α∗n with high
probability and such property is asymptotically indepen-
dent of the network structure.

Theorem 1. Suppose that μ is continuous and y = F (α)
is not tangential to y = α at α∗. If wuv = O

(
1

log n

)
for

every uv ∈ E, then for any ε > 0 and δ > 0,

Pr[|Z − α∗n| > nε] = o(n−δ).

Note that α∗ is independent of the network structure,
and only dependent on μ and x. Also note that the thresh-
old distribution μ should only satisfy a mild condition that
the cumulative distribution y = F (α) is not tangential to
the line of y = α at α∗. This is to guarantee α’s conver-
gence from both upper and lower sides. The last condition
wuv = O( 1

log n ) is satisfied when for example, the network
is slightly dense so that dv = ω(log n) and a certain edge
does not have dominant influence so that wuv = O( 1

log n ).
Note that we assumed

∑
u:uv∈E wuv = 1.

In the proof of Theorem 1, we show that the cascade
size after t iteration is very close to αtn for all t for any net-
work satisfying the conditions of Theorem 1. Specifically,
it is proven that any node with threshold θv < αt adopts
the information with high probability until the time t,
while any node with threshold θv > αt does not adopt the
information until the time t. This argument is proven by
induction on t, and applying Azuma’s inequality over each
step. The detailed proof of Theorem 1 is in Appendix B.
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In Figure 1, we can observe that α�, the expected frac-
tion of the final cascade size, becomes discontinuous func-
tion of the initial adoption probability x if F0 is given. This
implies that a slight change in initial adoption probability
of information (e.g., by promotion in real-world) can result
in huge difference on the value of α�. This is commonly re-
ferred as the tipping point phenomenon. Therefore, when
the initial adopters are chosen uniformly at random and
independently, we can compute the exact values of ini-
tial adoption probability x that triggers the tipping point
phenomenon, using the threshold distribution μ.

Examples. There are various examples where assump-
tions in Theorem 1 are satisfied.

Example 1. Blume et al. [16] studied the cascading fail-
ures on d-regular networks. Cascading failure refers to
phenomenon where failure of single or several network
node results in propagation of failure on other nodes. Here
the failure of a node can act as an instance information
that is being diffused. The threshold model in this work
is assumed to have the threshold value θv for each node
v that follows a distribution μ and fv is determined by
the number of influenced neighbors of v. This is a lin-
ear threshold model with a threshold distribution μ with
thresholds being scaled down into [0, 1] and wuv = 1/d.
Our result shows that the effect of the cascading failure
on d-regular network is asymptotically independent of the
network structure if d = ω(log n).
Example 2. Theorem 1 can be extended to the bipartite
graph case. Suppose that G is a bipartite graph with a
partition (P1, P2), in which all nodes in Pi choose their
thresholds from the same threshold distribution μi, and all
nodes in Pi have the same probability xi of being an initial
adopter for each i = 1 and 2. Then only if all nodes are
of degree ω(log n), we can derive a closed formula for the
expected final cascade size, and prove concentration in-
equalities of the final cascade size for each Pi, by the same
argument as in Theorem 1. Common examples include the
transmission of Sexually Transmitted Disease (STD) ex-
plained by information diffusion on bipartite graphs [28].

Example 3. In many social networks, individuals partici-
pate in more than one community, and they can engage in
more than one type of interaction. The multiplex network
model [29,30] allows this realistic scenario. Consider that
each node v has J types of interactions with its neighbors,
and the threshold function fv,i and the threshold distribu-
tion μi are given for each type of interaction i = 1, . . . , J ,
separately. Then, v adopts the information if at least one
of J rules is satisfied with respect to each fv,i value. Our
analysis can be extended to this case to compute the fi-
nal cascade size on an arbitrary network under the same
condition on node degrees.

3 Extension to general threshold model

In this section, we generalize our results to the general
threshold model in which the threshold functions fv’s are
arbitrary pseudo-boolean functions. We also allow xv to

be distinct for each v ∈ V , i.e., each individual v becomes
an initial adopter independently with its own probability
xv. It is assumed that the threshold distribution μ and its
c.d.f. F satisfy the same set of conditions as in Section 2.
In the proof of Theorem 1, we consider that F is Lipschitz
continuous, and the Lipschitz constant of F is referred to
as λF in this section.

Similar to Section 2, we normalize the threshold val-
ues θv’s to be in [0, 1]. Also, for each threshold function
fv

(
[Zu(t)]u∈Nv

)
, where Nv is the neighborhood of v, we

apply linear transformations so that fv(0) = F−1(xv) and
fv(1) = 1 for each v ∈ V . Then, Pr(θv ≤ fv(0)) = xv so
each v becomes an initial adopter with probability xv at
t = 0. Then we set the initial adoption probability to be 0
for all v ∈ V . Under this equivalent model, we can derive
a generalized result from Section 2 and apply it to more
general set of networks even if the xv’s are distinct for
each v.

Remind that Zt(v) is an indicator variable such that
Zt(v) = 1 if a node v is influenced at the tth iteration
(adopted the information at the tth iteration or earlier)
and Zt(v) = 0 otherwise. Similarly, let Z(v) be the indi-
cator variables representing whether a node v is influenced
or not at the end of the process.

Let f∗
v : [0, 1]dv → [0, 1] be the function such that

f∗
v (E[ν]) = E[fv(ν)] for any ν = (ν1, ν2, . . . , νdv) where

ν1, . . . , νdv are independent Bernoulli random variables.
Let α−1(v) = 0 for all v. For t ∈ Z+, let

αt(v) = F
(
f∗

v (αt−1(u1), αt−1(u2), . . . , αt−1(udv))
)
. (1)

Note that α0(v) = xv for all v ∈ V . Then, one can check
that α0(v) ≤ α1(v) ≤ . . . ≤ α∗(v) for all t ∈ Z+ and for
all v ∈ V , since fv’s and F are monotonically increasing.
Since αt(v) ≤ 1, [αt(v)]v∈V ∈ [0, 1]n converges to some
[α∗(v)]v∈V . Let σ̄t =

∑
v∈V αt(v) and σ̄∗ =

∑
v∈V α∗(v).2

Similar to Section 2, σ̄∗ and σ̄t become the estimated
cascade size, at the end of the process and at time t, re-
spectively. Furthermore, we prove that each α∗(v) and
αt(v) become good estimates for Z(v) and Zt(v), respec-
tively, whose values are between 0 and 1. We have the
following theorem for the general threshold model, which
is a generalization of Theorem 1 in Section 2.

Theorem 2. Let Zt be a cascade size at iteration t ∈ Z+.
Suppose the followings for each v ∈ V .

(i) There exists λf ≥ 0 such that

|f∗
v (a) − f∗

v (b)| ≤ λf‖a − b‖∞
for any a,b ∈ [0, 1]dv and all v ∈ V .

(ii) Let Ψv = {ν, ν ′ ∈ {0, 1}dv |ν(i) �= ν′(i) for only
one i}. Then, suppose

max
Ψv

|fv(ν) − fv(ν ′)| = o

(√
1

dv log n

)

. (2)

2 Note that σ̄t and σ̄∗ are the counterparts of αtn and α∗n
in Section 2, respectively.
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(iii) Let ∇fv(α∗(u1), . . . , α∗(udv)) be a gradient of
fv at (α∗(u1), . . . , α∗(udv)) where u1, . . . , udv are
neighbors of v. Suppose that all coordinates of
∇fv(α∗(u1), . . . , α∗(udv)) are different from 1.
Then for any constants m > 0, ε > 0, and δ > 0,

Pr[|Zm − σ̄m| < nε] = 1 − o(n−δ),

Pr[Z ≤ σ̄∗ + nε] = 1 − o(n−δ).

Also we have that for all v ∈ V ,

|E[Zm(v)] − αm(v)| = o(1),
E[Z(v)] ≥ α∗(v) + o(1).

Let λ = λF λf . If λ < 1,

Pr[|Z − σ̄∗| < nε] = 1 − o(n−δ),
|E[Z(v)] − α∗(v)| = o(1)

for all v ∈ V .

The proof of Theorem 2 is a generalization of the proof of
Theorem 1 and is given in Appendix C. The three condi-
tions of Theorem 2 are multi-dimensional versions of the
conditions of Theorem 1.

The first condition means that f∗
v is Lipschitz contin-

uous, and the condition (2) is satisfied when the graph is
slightly dense so that dv = ω(log n) and a certain edge
does not have dominant influence so that the condition is
satisfied, since fv’s are normalized to be in [0, 1].

The last condition means that for each node v, all dv

partial derivatives of fv are not equal to 1. To explain
the meaning of the condition, consider a set of standard
two-dimensional plots where the x-axis stands for a single
element of the Euclidean input vector of f�

v with other
elements being fixed, then the evaluation of f�

v (x) is plot-
ted along the y-axis. The condition simply means that
y = f�

v (x) is never tangential to y = x at α∗(v) for every
such plot possible. In short, it is a generalization of the
requirement that y = F (x) is not tangential to y = x in
Section 2.

Examples. There are numerous examples where the con-
ditions of Theorem 2 are satisfied.

Example 1 (the SIR model). For each v ∈ V , let Nv(t) =
{Zt(u1), . . . , Zt(udv)}, where u1, . . . , udv are neighbors of
v. This model can be regarded as the general threshold
model with threshold functions fv(Nv(t)) = xv + (1 −
xv)(1 −∏dv

i=1(x − puivZt(ui))), where puiv is the proba-
bility that a node ui influences node v. In this case, if
dv = ω(log n) and puiv ≤ cuiv

dv
so that cuiv = O(1), then

the conditions of Theorem 2 are satisfied hence the final
cascade size is concentrated around α∗. Moreover, when
cuiv < 1, λ < 1 it holds that |E[Z(v)] − α(v)| = o(1).

Example 2 (collaborative behaviors). Suppose that an in-
dividual is influenced by the collaborative behaviors of K
disjoint communities on a network. When K = w(log n)

Algorithm 1 Influence Estimate algorithm
1: t := −1
2: for each v ∈ V do
3: αt(v) := 0
4: end for
5: while (stopping criterion not met) do
6: t := t + 1
7: for each v ∈ V do
8: αt(v) := F

(
f∗

v (αt−1(u1), αt−1(u2), . . . , αt−1(udv ))
)

9: return σ̄∗ =
∑

v∈V αt(v)

and fv(Nv(t)) =
∑K

k=1
1
K (∨ui∈community k,uiv∈EZt(ui)), it

satisfies the conditions of Theorem 2. The function fv in-
dicates that an individual v is influenced according to the
number of communities having at least one adopter.

As a result of Theorem 2, we propose an efficient
heuristic algorithm Influence Estimate that estimates
E[Z(v)] for each v ∈ V and E[Z] under any general
threshold model for any network structure with any initial
adopter set. The algorithm essentially computes α∗(v) by
an iterative equation (1).

The pseudo-code of Influence Estimate is shown
above. Note that if f∗

v can be computed in polynomial
time, then Influence Estimate works in polynomial
time. If the fv is from any algebraic functions and some
transcendental functions, f∗

v can be evaluated very fast.
The threshold functions of the linear threshold model are
the most representative example.

The running time of Influence Estimate is O(m ·∑
v∈V T (f∗

v )) where m is the total number of iterations
and T (f∗

v ) is the time taken for evaluating f∗
v . This is es-

sentially the same as the time required for one trial of a
Monte Carlo experiment. Thus, Influence Estimate is
much faster than the Monte Carlo estimation, and it can
be used as a subroutine for numerous algorithms for dif-
fusion analysis.

If we consider the situation where each individual be-
comes an initial adopter independently with a given prob-
ability x, as in Section 2, then the α0(v)’s have the same
values of α0 for all v ∈ V , and Step 7 to Step 9 of the algo-
rithm can be reduced to a single step αt = F (f∗

v (αt−1)).
Furthermore, in this case, the sequence {α0, . . . , αm} for
some constant m > 0 is independent of the network struc-
ture. It means that we can efficiently estimate the influ-
ence over time, even if we do not know the specific struc-
ture of given large-scale networks.

4 Experiments

We conducted a set of experiments with our algorithm
Influence Estimate on real-world social networks, in-
cluding Epinions networks [31] and political blogs [32],
and synthetic networks including PA small-world networks
and WS scale-free networks to validate the accuracy of In-
fluence Estimate on networks having nodes with small
degrees.
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Table 1. Dataset statistics.

Dataset Nodes Edges Average degree
Epinions 75 877 508 K 13.4
PolBlogs 1222 16 K 27.4
WS 10 000 500 K 100
PA 10 000 500 K 100

4.1 Network datasets

– PolBlogs: A directed network of hyperlinks between
blogs on US politics [32], which was collected at around
the time of the 2004 presidential election.

– Epinions: The Who-trusts-whom online social network
of the general consumer review site Epinions.com [31],
where nodes are members of the site and a directed
edge from u to v represents v trusts u.

– WS: The Watts and Strogatz small-world network of
10,000 nodes with average degree 100. It was generated
by uniform and random rewiring process of a ring lat-
tice with probability with 0.5.

– PA: A graph with power-law degree distribution gen-
erated by the Barabási-Albert preferential attachment
process. We varied the number of nodes and average
degrees to observe the effect of network topologies on
our theoretical results.

All networks were considered as undirected for higher av-
erage degree, but our results are applicable to directed
graph as well. We removed nodes and edges that are not
included in the largest connected component. Some basic
statistics on these networks are given in Table 1.

In particular, the experiments were aimed at examin-
ing whether (1) the threshold values of individuals who
adopt the information are actually concentrated at each
iteration, (2) a phase transition appears at the point In-
fluence Estimate computed, (3) adoption probability
computed by Influence Estimate algorithm for each
node is consistent with the Monte-Carlo simulation re-
sult, and (4) how network sizes and average degrees affect
the accuracy of Influence Estimate.

In all of our experiments, we compare the expected
value of adoption estimated by our proposed algorithm
and the adoption probability from the Monte-Carlo sim-
ulation. We use a synthetically generated network or a
given network, as an underying network structure. Then,
we select a set of initial adopters using the threshold distri-
bution and determine the adopted nodes from the initial
adopters using an influence model. Repeating this process
until the predefined number of times, and we estimate the
adoption probability by taking an average for each node.

4.2 Influence model

We consider two different influence weight conditions
for the linear threshold model. In both cases, we se-
lect each edge weight independently at random in [0,1].
For the first case, the sum of weights is normalized so
that

∑dv

i=1 wuvi =1. For the second case, we adjusted the
weights so that

∑dv

i=1 wuvi is selected uniformly at random

from [0.5,1] for each node v. We call the latter case as the
adjusted influenced weights. A threshold value is given to
each node independently from a normal distribution with
a specific mean and a standard deviation.

4.3 Results

First, we verified at each iteration of the diffusion process
that threshold values of individuals who are influenced
at that time are actually concentrated around the mean,
as suggested in Theorem 1. We consider the normalized
influence weight. The threshold distribution is N (0.3,0.3)
and the initial adopter set is selected with xv = 0.3 for all
nodes v, respectively.

Figure 2 shows the adopters’ average threshold values
with standard deviation error bars from 200 simulations.
Note that in these simulations, a global cascade appears
independently of the network structures. For synthetic
network structures, the values show high concentrations
around the means and consistency with theoretical value
αt’s. However, there is a little deviation for PolBlogs and
Epinions data, since they include many nodes with small
degrees. Figure 3 represents the results when the threshold
distribution is N (0.5,0.3) with xv = 0.5. In this case, the
results also shows high concentrations around the mean,
and a global cascade does not appear.

Theorem 2 allowed us to estimate the final cascade size
under the adjusted influence weights with three threshold
distributions: N(0.4, 0.2), N(0.3, 0.2), and N(0.2, 0.2). We
observed that phase transitions almost always appear at a
certain tipping point as we increase the fraction x of initial
adopters. Figure 4 represents tipping point distributions
obtained from 1000 independent Monte-Carlo simulations
and the theoretical values as well. For each case, the peak
point is consistent with the theoretical value. The exper-
imental results show that a tipping point appears at the
predicted point even though the degrees of individuals are
not so large.

We also compared α∗(v) with the fraction of simulation
cases over 10 000 Monte-Carlo simulations that node v ac-
tually adopts the information when the diffusion process is
over. We consider the adjusted influence weights with two
threshold distributions: N(0.3, 0.2) and N(0.4, 0.2). The
initial adopter sets are selected with xv = 0.3 for all node
v. For a fixed initial seed set, we conducted 10 000 simu-
lations to assigning threshold θv differently. In PolBlogs,
almost all values lies near the y = x line, that is, the-
oretical results show strong consistency with simulation
outcomes. In case of Epinions a number of data lies over
the y = x line. However, if we filter the data whose de-
gree is less than log n, it shows strong consistency as in
Figure 5c. In order to visualize the results more clearly,
we randomly select 1000 nodes and draw them in each
of Figure 5. Specifically, the fraction of nodes whose esti-
mated adoption probabilities from our algorithm are dif-
ferent with the Monte-Carlo estimate by 0.1 is only 0.036,
0.049, and 0.015 for Figures 5a–5c. That is, more than
95% nodes are predicted well for all the networks we used
although the degree constraint is not satisfied.
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Fig. 2. Concentration of adopters’ average threshold values at each iterations with threshold distribution N(0.3,0.3), xv = 0.3
for all node v.
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Fig. 3. Concentration of adopters’ average threshold values at each iterations with threshold distribution N(0.5,0.3), xv = 0.5
for all node v.
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Fig. 4. The distribution of the fraction of initial adopter set when a phase transition appears, obtained from 1000 simulations
under the adjusted influenced weights with three different normal distributions whose mean varies from 0.2 to 0.4 and standard
deviation is fixed at 0.2. Vertical lines denote theoretical values provided by our algorithm Influence Estimate.

Finally, we compared α∗(v) with the fraction of simu-
lation cases that node v actually adopts the information
by varying the network sizes and the average degrees of
PA graphs. We consider the adjusted influence weights and
the threshold distribution N (0.3,0.2). Figure 6 represents
the accuracy changes according to the average degrees of
PA graphs, while the network size is fixed to 10 000. Fig-
ure 7 represents the accuracy changes according to the
network sizes of PA graphs, while the average degree is
fixed to 100. For the variation of network size and degrees,
our algorithm Influence Estimate closely predicts the
adoption probabilities.

5 Discussion

The novelty of our analysis lies in its broad applicability to
a general class of real-world information diffusion models
and network topologies.

We believe that our technique can be applied to show
concentration results for a broader class of problems in

networks where the state of each node is locally deter-
mined by general Markov process where state-change rule
for each node depends on its neighbors’ current states. Ex-
amples of such problems include the network voter model,
and the popular Gossip protocol.

Another merit of our result is that our result can be
viewed as a generalization of the mean-field approxima-
tion [33–38] that is widely used in analysis of informa-
tion diffusion. In the usual mean-field approximation, the
state change rules are approximately described as system
of ordinary differential equations (ODEs) and the state
ratio converges to the solution of such ODEs for complete
graphs. Theorems 1 and 2 guarantee that the same ODEs
can be applied for any slightly dense network.

As a future work, we plan to work on a generalization
of our results into more general network setups. It would
be also our future direction to extend down our results to
milder conditions than the current requirement of ω(log n)
degrees.
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Fig. 5. Comparison of α∗(v) with the fraction of 10 000 simulation cases that node v actually adopts the information. Conducted
under the adjusted influence weights, where xv = 0.3 for all nodes v.
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Fig. 6. Comparison of α∗(v) with the fraction of 10 000 simulation cases that similar to Figure 5 when the average degree of
network varies. Conducted under the normalized influence weights with PA graph and threshold distribution N (0.3,0.2), while
n = 10 000 for all three cases.
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Fig. 7. Comparison of α∗(v) with the fraction of 10 000 simulation cases that similar to Figure 5 when the size of network
varies. Conducted under the adjusted influence weights with PA graph and threshold distribution N (0.3,0.2), while the average
degrees are 100 for all three cases.
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Appendix A: Examples of threshold models

The threshold models are naturally applicable to numer-
ous scenarios that involve basic notions of accumulative
effects of neighbors represented by threshold functions.

Example 1 (network game with selfish agents). If an in-
dividual v decides to adopt (or not to adopt) the infor-
mation and a neighbor of hers makes the same decision,
she gets a payoff P1 (or P2 respectively). Otherwise, she

gets no payoff. If Nv is the number of neighbors of v
adopting the information among the dv neighbors of v,
she adopts the information if NvP1 > (dv −Nv)P2, that
is, if Nv

dv
> P2

P1+P2
≡ θv. Therefore, this problem can be

modeled by a linear threshold model and θv plays the
role of a “node-specific threshold” for node v to adopt
the information. The higher an individual’s threshold
is more conservative the individual is in adopting the
information.

Example 2 (network market). In a network market, each
potential buyer v has a reservation price rv which de-
notes the highest price v is willing to pay for a unit
of a good. The reservation price rv is drawn from some
probability distribution in an i.i.d. manner. Then, gv(zv)
represents the benefit of purchasing the product where
gv : [0, 1] → [0, 1] is an increasing function and zv is a
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fraction of neighbors of v that have already purchased
it. An individual v will buy the product if rvgv(zv) ≥ p∗,
where p∗ is the market price. The condition can be
rewritten as 1

dv

∑
u:uv∈E zu ≥ g−1(p∗

rv
). Then g−1(p∗

rv
)

plays a role analogous to the threshold value θv of the
linear threshold model. Note that this is a generalization
of the popular Katz-Shapiro pricing model [39] in which
they assume that zv is a shared information among all
buyers and identical to all buyers, which is equivalent to
the complete graph case.
Example 3 (the SIR model). The SIR model has been
widely used in the analysis of epidemic spreading and
information propagation in various networks. In this
model, every time a node u becomes infected, every
uninfected neighbor v of u has a single chance of be-
coming infected, with probability puv. The SIR model
can be regarded as a special case of the general thresh-
old model that has the threshold functions fv(Nv(t)) =
xv + (1 − xv)(1 −∏u:uv∈E(1 − puvZt(u))) where xv is
the probability that v becomes an initial adopter.

Appendix B: Proof of Theorem 1

Instead of proving Theorem 1 directly, we prove the fol-
lowing lemma, which directly implies Theorem 1.

Lemma 1. Let ε > 0 be given. Let F be a Lipschitz con-
tinuous function. Suppose that y = F (α) is not tangential
to the line of y = α at α∗, and that for all uv ∈ E,
wuv = o(

√
1

dv log n ). Then,

– for any δ > 0,

Pr[|Z − α∗n| > nε] < o(n−δ), (B.1)

– and the influence can be calculated as

α = (α∗ ± o(1))n. (B.2)

Proof of Lemma 1. Let ε > 0 be given. We will prove that
there exists ε∗ > 0, dependent only on F and ε, such that

Pr[|Z − α∗n| > nε] < 2n

(

2− (ε∗)2

2C

)

, (B.3)

where C = minv∈V,uv∈E(dv log n(wuv)2). Then, since

wuv = o(
√

1
dv log n ) for every uv ∈ E, and limn→∞ C = 0,

we prove (B.3) using the following (B.4) and (B.5):

Pr
[
Z < (αm − ε

2
)n
]

< mn

(

1− (ε−)2

2C

)

, (B.4)

Pr[Z > (α∗ + ε)n] < n

(

2− (ε+)2

2C

)

, (B.5)

where ε+, ε− are fixed values that are dependent on a
given ε, m is a positive integer such that |αm − α∗| < ε

2 .
The existence of such m is guaranteed by the following
lemma.

Lemma 2. Let α0 = F (0) = x and αt = F (αt−1) for
t ∈ N. Then, αt ≤ α∗ for all t ∈ Z+, and for any ε > 0,
there exists m (independent of n) such that |αm−α∗| < ε

2 .

Proof of Lemma 2. Note that α∗ ≥ x = F (0) because F
is monotonically increasing. First, we show αt ≤ α∗ for
all t ∈ Z+. Suppose not. Since α0 = x ≤ α∗, there exists
T ∈ N such that αT ≤ α∗ but αT+1 = F (αT ) > α∗ =
F (α∗). This is a contradiction because F is monotonically
increasing. Note that F (α) > α for all α ∈ [0, α∗− ε

2 ]. Let
Δ = minα∈[0,α∗− ε

2 ](F (α) − α) > 0. Then, αt+1 ≥ Δ + αt

for all t ∈ Z+. Hence, there exists m such that |αm−α∗| <
ε
2 for any ε > 0.

We will see later that (B.2) implies that any node v
with θv ≤ αt adopts the information with high probabil-
ity until t iterations, while (B.3) implies that any node v
with θv > αt does not adopt the information with high
probability until t iterations.

Note that (B.4) and (B.5) prove not only (B.3) but
also (B.2) of Lemma 1. Note that in general, if Pr[Z <
a] < B, then E[Z] > 0 · B + a(1 − B) and that if Pr[Z >
c] < D, then E[Z] < c(1 − D) + nD. Applying these on
(B.2) and (B.3), we have

(

1−mn

(

1−(ε−)2

2C

))

(α∗−ε) <
α

n
< n

(

2− (ε+)2

2C

)

·1+(α∗+ε).

Hence, for any given constant δ > 0, we can find N > 0
such that, for all n ≥ N , |α − α∗n| ≤ δn.

Let m, α0, . . . , αm be obtained from Lemma 2 for a
given ε. Let λ ≥ 0 be a Lipschitz constant of F (i.e.,
|F (a) − F (b)| ≤ λ|a − b| for all a, b ∈ [0, 1]). Let ε− =

ε
2(λm+...+λ0) .

We first prove (B.4). Let εm = ε
2 and we generate

{ε0, . . . , εm−1} by the recurrence relation εt−1 = εt−ε−
λ .

Let ε0 = ε−. Consequently, εt = (λt + λt−1 + . . . + λ0)ε−.
Then, one can check that

αt−εt ≤ F (αt−1 − εt−1) + λεt−1−εt = F (αt−1−εt−1)−ε−

(B.6)
using the mean value theorem.

Let Zt be the actual spread size after the tth iteration.
We denote all neighbors of v as u1, . . . , udv where dv is the
degree of v, define {Zt(v)} as a set of indicator variables
representing whether v is influenced until the tth iteration.
Note that Zt(v) = 1 if and only if

∑dv

i=1 wuivZt−1(ui) ≥ θv

and that
∑

v∈V Zt(v) = Zt. Let Am be the set of nodes
that have threshold less than αm−1 − εm−1. Then,

Pr
[
Zm ≥ (αm − ε

2
)n
]

= Pr[Zm ≥ (αm − εm)n]

≥ Pr[Zm ≥ F (αm−1 − εm−1)n − ε−n]
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by (B.6). Noting that F (αm−1 − εm−1)n = E[|Am|],
Pr[Zm ≥ F (αm−1 − εm−1)n − ε−n]

= Pr[Zm ≥ E[|Am|] − ε−n]
≥(a) Pr[Zm ≥ |Am|]
≥(b) Pr[All nodes whose thresholds are less than

(αm−1 − εm−1)are influenced until the mth
iteration]

= 1 − Error−.

The inequality (a) demands |Am| ≥ E[|Am|] − ε− · n to
hold. Since |Am| is a sum of i.i.d. Bernoulli random vari-
ables in [0, 1] with probability F (αm−1 − εm−1), we get

Pr
[|Am| ≥ E[|Am|] − ε− · n] ≥ 1 − exp

(
−2n

(
ε−
)2
)

by Hoeffding’s inequality. Therefore, for sufficiently large
n, we can safely say (a) holds. The inequality (b) holds
because the event that Zm ≥ |Am| contains the event
that Zt(v) = 1 for all v ∈ Am. The Error− is de-
fined as Error− = Pr[There is some node whose threshold
is less than (αm−1 − εm−1)but which is not influenced by
the mth iteration].

For t = 0, . . . , m − 1, let Et be the event that there
is a node whose threshold is less than αt − εt but is not
influenced by the (t + 1)th iteration. Note that Error− =
Pr[Em−1]. Observe that

Error− ≤ Pr[E0 ∪ E1 ∪ . . . ∪ Em−1]

= Pr[E0] +
m−1∑

t=1

Pr[Et ∩
(∩t−1

t′=0Ec
t′
)
]

≤ Pr[E0] +
m−1∑

t=1

Pr[Et ∩ Ec
t−1].

Now we define X−
t (v)’s as the indicator variables such that

X−
t (v) = 1 if θv < αt−1 − εt−1 and X−

t (v) = 0 otherwise.
Note that Et is the event that there exists a node v such
that θv < αt − εt, and

∑dv

i=1 wuivZt(ui) < θv. Also note
that Ec

t−1 is contained in the event Zt(v) ≥ X−
t (v), for all

v ∈ V . Thus, for t = 1, . . . , m − 1,

Pr[Et ∩ Ec
t−1]

≤
∑

v∈V

Pr
[
θv < αt − εt,

dv∑

i=1

wuivZt(ui) < θv,

Zt(v) ≥ X−
t (v)for all v ∈ V

]

≤
∑

v∈V

Pr

[
dv∑

i=1

wuivX−
t−1(ui) < αt − εt

]

≤
∑

v∈V

Pr
[ dv∑

i=1

wuivX−
t−1(ui) < F (αt−1 − εt−1) − ε−

]

≡ βt.

Note that we used (B.6) above. From the following
Lemma 3, we obtain βt < n exp(− (ε−)2 log n

2C ).

Lemma 3. Let X1, . . . , Xdv be i.i.d. Bernoulli random
variables with E[X1] = E[X2] = . . . = E[Xdv ] = B and

Y (v) =
∑dv

i=1 wivXi. If maxi wiv ≤
√

C
dv log n for some

C > 0, for any ε̃ > 0,

P (Y (v) ≤ B − ε̃) < exp
(

− ε̃2 log n

2C

)

.

Proof of Lemma 3. Note that
∑dv

j=1 wujvE[X−
t−1(uj)] =

F (αt−1 − εt−1) ·
∑dv

j=1 wujv = F (αt−1 − εt−1) by our
assumption.

To begin with, we define a sequence {Y0(v), . . . ,
Ydv(v)}, which is a martingale as follows.

Y0(v) = E

⎡

⎣
dv∑

j=1

wjvXj

⎤

⎦ = B

...

Yi(v) = E

⎡

⎣
dv∑

j=1

wjvXj

⏐
⏐
⏐X1, . . . , Xi

⎤

⎦

...

Ydv (v) =
dv∑

j=1

wjvXj = Y (v).

Since |Yi+1(v) − Yi(v)|2 ≤ C
dv logn , by applying Azuma’s

inequality, the inequality holds.
Similarly, by Lemma 3,

Pr[E0] ≤
∑

v∈V

Pr

[

θv < α0 − ε0,

dv∑

i=1

wuivZ0(ui) < θv

]

≤ Pr

[
dv∑

i=1

wuivZ0(ui) < α0 − ε−
]

≡ β0 < exp
(

− (ε−)2 log n

2C

)

.

Therefore, Error− ≤ ∑m−1
t=0 βt < mn exp(− (ε−)2 log n

2C ).
Hence, (B.4) holds.

We prove (B.5) in a similar way. Let γ be a positive real
number such that F (α∗ + Δ) < α∗ + Δ for all Δ ∈ (0, γ].
The existence of such γ is guaranteed by assumption that
F (α) is not tangential to the line of y = α at α∗. Let
ε+ = α∗ + ε′−F (α∗ + ε′) where ε′ = min( ε

λ , γ). Note that,

α∗ + ε = F (α∗)+ε = F (α∗)−F (α∗ + ε′) + F (α∗ + ε′) + ε

≥ F (α∗ + ε′) + ε − λε′ ≥ F (α∗ + ε′).

The diffusion process stops within n iterations since at
each iteration, at least one node is influenced. Therefore,
for 1 ≤ t ≤ n, we define E ′

t(v) as the event that a node v
with θv > α∗ + ε′ becomes Zt(v) = 1 at the tth iteration
and X+(v) as the indicator variables such that X+(v) = 1
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if θv < α∗ + ε′ and X+(v) = 0 otherwise. Then, E ′
t(v) is

the event that θv > α∗ + ε′ and
∑dv

i=1 wuivZt−1(ui) ≥ θv.
Also, E ′

t−1(v)c is the event Zt−1(v) ≤ X+(v) for a node
v ∈ V . Then, E ′

0(v) = φ. Similar to the proof of (B.4),

Pr[Z(x) ≤ α∗n + nε]
≥ Pr[All nodes whose thresholds are greater than

α∗+ε′ are not influenced]

≥ 1 − Error+,

where Error+ is as follows.

Pr[∃ a node v such that θv > α∗ + ε′and is influenced]

≤
∑

v∈V

Pr[A node v becomes the first node that is

influenced among nodes whose thresholds are greater

than (α∗ + ε′)]

≤
∑

v∈V

n∑

t=1

Pr
[E ′

t(v) ∩ (∩u∈V E ′
t−1(u)c)

]

≤
∑

v∈V

n∑

t=1

Pr
[
E ′

t(v) ∩ (∩dv

i=1E ′
t−1(ui)c)

]

≤
∑

v∈V

n∑

t=1

Pr

[

θv > α∗ + ε′,
dv∑

i=1

wuivZt−1(ui) ≥ θv,

Zt−1(ui) ≤ X+(ui), i = 1, . . . , dv

]

≤
∑

v∈V

n∑

t=1

Pr

[
dv∑

i=1

wuivX+(ui) > α∗ + ε′
]

=
∑

v∈V

n∑

t=1

Pr

[
dv∑

i=1

wuivX+(ui) > F (α∗ + ε′) + ε+

]

< n2 exp
(

− (ε+)2 log n

2C

)

.

The last inequality holds by Lemma 4, whose proof is
almost the same as the proof of Lemma 3.

Lemma 4. Let X1, . . . , Xdv be i.i.d. Bernoulli random
variables with E[X1] = E[X2] = . . . = E[Xdv ] = B

and Y (v) =
∑dv

i=1 wivXi. If maxi wiv ≤
√

C
dvlogn for some

C > 0, for any ε̃ > 0,

P (Y (v) ≥ B + ε̃) < exp
(

− ε̃2 log n

2C

)

.

Hence, we prove (B.5), which completes the proofs of
Lemma 1 and Theorem 1.

Appendix C: Proof of Theorem 2

Proof of Theorem 2. Let m be any finite integer such that
m and arbitrarily small ε > 0 be given. Remind that our

goal is to prove the following equations (C.1)–(C.5): For
any δ > 0,

Pr[|Zm − σ̄m| < nε] = 1 − o(n−δ), (C.1)

Pr[Z ≤ σ̄∗ + nε] = 1 − o(n−δ). (C.2)

Moreover, for all v ∈ V ,

|E[Zm(v)] − αm(v)| = o(1), (C.3)
E[Z(v)] ≥ α∗(v) + o(1). (C.4)

If λ = λF λf < 1,

Pr[|Z − σ̄∗| < nε] = 1 − o(n−δ), (C.5)
|E[Z(v)] − α∗(v)| = o(1). (C.6)

We will show that, for some ε−, ε+ and some constant
C > 0,

Pr[|Zm − σ̄m| > nε] < 2mn

(

1− (ε−)2

2C

)

, (C.7)

Pr[Z > σ̄∗ + nε] < n

(

2− (ε+)2

2C

)

. (C.8)

We now explain that (C.7) and (C.8) directly imply (C.1),
(C.2) and (C.5). When m is a constant, it suffices to
show that (ε∗)2

2C − 2 ≥ δ holds for any δ > 0 where
ε∗ = min{ε−, ε+} or ε∗ = (1 − λ)ε if λ < 1. Then,
(ε∗)2

2C − 2 ≥ δ is equivalent to C ≤ (ε∗)2

2(δ+2) . In the course of
the proof, we will show that C can be any value such that
maxΨv |fv(ν) − fv(ν ′)| =

√
C

dvlogn = o(
√

1
dvlogn ) for any

Ψv = {ν, ν ′ ∈ {0, 1}dv |ν(i) �= ν′(i)for only one i}. Then,
C tends to be 0 for sufficiently large n. Thus, we can
choose C ≤ (ε∗)2

2(δ+2) for any δ > 0, in the limit of n → ∞.
Furthermore, in the proof of (C.7) and (C.8), we prove
that (C.3), (C.4), and (C.6) hold.
Proof of (C.7). In order to show (C.7), we calculate
Pr[Zm < σ̄m − nε] and then Pr[Zm > σ̄m + nε] in a sim-
ilar way. Analogous to the proofs of Lemma 1 and Theo-
rem 1, we define recursively {ε0, ε1, . . . , εm−2} for a given
ε = εm−1 and ε− = εm−1

λm−1+λm−2+...+λ0 by εt−1 = εt−ε−
λ for

t = m−1, m−2, . . . , 0. Then, εt = (λt +λt−1 + . . .+λ0)ε−
and ε0 = ε−.

Let Zt(v) be the indicator variable representing
whether a node v has adopted the information by the
tth step. Let X−

t (v) be the indicator variable such that
X−

t (v) = 1 if θv > αt(v) − εt and X−
t (v) = 0 otherwise.

Let δt(v) = E[F
(
fv(X−

t−1(u1), . . . , X−
t−1(udv))

)
]. Then,

αt(v) − δt(v) = F (f∗
v (αt−1(u1), αt−1(u2), . . . , αt−1(udv)))

−F (f∗
v (αt−1(u1) − εt−1, . . . , αt−1(udv)

−εt−1))
≤ λεt−1

by the definitions. Then we get

αt(v) − εt = (αt(v) − δt(v)) − (εt − δt(v))

≤ δt(v) − (εt − λεt−1) ≤ δt(v) − ε−. (C.9)
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Similarly to the proof of Lemma 1,

Pr[Zm ≥ σ̄m − nε]

≥(c) Pr[Zm ≥
∑

v∈V

δt(v) − nε−]

≥(d) Pr[Zm ≥
∑

v∈V

F (fv(X−
t−1(u1), . . . , X−

t−1(udv)))]

≥(e) Pr[Zm ≥
∑

v∈V

X−
t−1(v)]

≥(f) Pr[All nodes whose thresholds are less than

(αm−1−εm−1) are influenced until the mth iteration]

where (c) holds by (C.9). We can say (d) holds for suffi-
ciently large n by standard concentration theorems such
as Chernoff bounds. (e) is satisfied since the fv’s are nor-
malized to have maximum value of 1. (f) holds because
the event that Zm ≥ ∑

v∈V X−
t−1(v) contains the event

that Zt(v) = 1 for all v’s such that X−
t−1(v) = 1.

We define Et(v) as the event that a node v has a
threshold θv < αt(v) − εt but does not adopt the infor-
mation at the (t + 1)th step. Then Et(v) is the event that
θv < αt(v) − εt and fv(Zt−1(u1), . . . , Zt−1(udv)) < θv,
while Et(v)c is the event that Zt(v) ≥ X−

t (v). Now, using
the union bound of probability,
1−Pr [All nodes whose thresholds are less than (αm−1 −
εm−1) are influenced until the mth iteration]

= Pr [There exists a node whose threshold is less than
(αm−1−εm−1) but which is not influenced until the
mth iteration]

≤
∑

v∈V

Pr [A node v has a threshold less than (αm−1(v)

− εm−1) but which is not influenced until the mth
iteration]

=
∑

v∈V

Pr [Em−1(v)]

≤
∑

v∈V

Pr [E0(v) ∪ E1(v) ∪ . . . ∪ Em−1(v)]

=
∑

v∈V

(
m−1∑

t=1

Pr [Et(v) ∩ (∩u∈V Et−1(u)c)] + Pr [E0(v)]

)

≤
∑

v∈V

(
m−1∑

t=1

Pr [Et(v) ∩ (∩dv

i=1Et−1(ui)c)] + Pr [E0(v)]

)

.

We then show that Pr[Zm > σ̄m + nε] is less than
mn exp(− (ε−)2 log n

2C ) by proving Pr[Et(v)∩(∩dv

i=1Et−1(ui)c)]
for all t = 1, . . . , m − 1 and Pr[E0(v)] are bounded above
by exp(− (ε−)2 log n

2C ) by the following lemma.

Lemma 5. Let dv be the degree of node v. Let
X1, . . . , Xdv be any Bernoulli random variables, Let
fv(X1, . . . , Xdv) be the threshold function of node v where
fv : {0, 1}dv → [0, 1]. When maxΨv |fv(ν) − fv(ν ′)| =√

C
dvlogn , for Ψv = {ν, ν′ ∈ {0, 1}dv |ν(i) �= ν′(i) for only

one i}, some C > 0 and all i = 1, . . . , dv, then for any
given ε−, ε+ > 0,

Pr[F (fv(X1, . . . , Xdv)) ≤ E[F (fv(X1, . . . , Xdv))] − ε−]

< exp
(

− (ε−)2 log n

2C

)

, and

Pr[F (fv(X1, . . . , Xdv)) ≥ E[F (fv(X1, . . . , Xdv))] + ε+]

< exp
(

− (ε+)2 log n

2C

)

.

Proof of Lemma 5. The proof is similar to Lemma 3. We
define a sequence Y0(v), . . . , Ydv (v), which is a martingale
as follows.

Y0(v) = E[F (fv(X1, X2, . . . , Xdv))]
...

Yi(v) = E[F (fv(X1, X2, . . . , Xdv)|X1, . . . , Xi)]
...

Ydv(v) = F (fv(X1, X2, . . . , Xdv)).

Then, we obtain that E[fv(X1, . . . , Xdv)|X1, . . . , Xi+1] −
E[fv(X1, . . . , Xdv)|X1, . . . , Xi] < maxΨv |fv(ν) − fv(ν ′)|
for i = 0, . . . , dv − 1. By applying Azuma’s inequality, the
above lemma is proved.

Applying Lemma 5, we obtain the desired upper bound
for Pr[Et(v)∩ (∩dv

i=1Et−1(ui)c)] for all t = 1, . . . , m− 1 and
Pr[E0(v)] as follows. For each t = 1, . . . , m,

Pr[Et(v) ∩ (∩dv

i=1Et−1(ui)c)]
= Pr[θv <αt(v)−εt, F (fv(Zt−1(u1), . . . , Zt−1(udv)))<θv,

Zt−1(ui) ≥ X−
t−1(ui), i = 1, . . . , dv]

≤ Pr[F (fv(X−
t−1(u1), . . . , X−

t−1(udv ))) < αt(v) − εt]

≤ Pr[F (fv(X−
t−1(u1), . . . , X−

t−1(udv ))) < E[fv(X−
t−1(u1),

. . . , X−
t−1(udv))] − ε−]

< exp
(

− (ε−)2 log n

2C

)

.

Also we have that

Pr[E0(v)]
= Pr[θv < α0(v)−ε0, F (fv(Z0(u1), . . . , Z0(udv))) < θv]

≤ Pr[F (fv(Z0(u1), . . . , Z0(udv))) < α0(v) − ε−]

< exp
(

− (ε−)2 log n

2C

)

.

Therefore, Pr[Zm < σ̄m−nε] < mn exp(− (ε−)2 log n
2C ). Sim-

ilarly, Pr[Zm > σ̄m + nε] < mn exp(− (ε−)2 log n
2C ). Thus,

Pr(|Zm − σ̄m| > nε) < 2mn(1− (ε−)2

2C ) and (C.7) is proved.
As mentioned earlier, it implies (C.1).
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Now we can say that for any finite integer m, and any
δ > 0,

∑

v∈V

Pr[Zm(v) ≤ αm(v) − εm] = o
(
n−δ

)

and ∑

v∈V

Pr[Zm(v) ≥ αm(v) + εm] = o
(
n−δ

)
.

Then, one can check that the expectation of Zm(v) satis-
fies that

E[Zm(v)] ≥ (αm(v) − εm)
(
1 − o

(
n−δ

))
+ o

(
n−δ

)

and

E[Zm(v)] ≤ (αm(v) + εm)
(
1 − o

(
n−δ

))
+ o

(
n−δ

)

similarly to that of Appendix B. Thus, |E[Zm(v)] −
αm(v)| ≤ εm. Since εm is a constant fraction of ε and
ε is any given positive number, |E[Zm(v)] − αm(v)| ap-
proaches zero in the limit of ε → 0. It means that
|E[Zm(v)] − αm(v)| = o(1), as stated in (C.3).

Moreover, when λ < 1, f∗
v is a contraction map so

that σ̄m converges to σ̄∗ in the limit of m → ∞. Since
E[Zm(v)] converges to E[Z(v)], |E[Zm(v)] − αm(v)| con-
verges to |E[Z(v)]−α∗(v)| as m → ∞. Therefore, if λ < 1,
then (C.5) and (C.6) hold by the above argument.

Proof of (C.8). We compute Pr[Z > σ̄∗+nε] to show (C.8),
which proves (C.2). Let Z(v) be the indicator variable
representing whether a node v has adopted the informa-
tion at the final step. Let X+(v) be the indicator variable
such that X+(v) = 1 if θv < α∗(v) + γ and X+(v) = 0
otherwise.

Let η = ‖∇fv(α∗(u1), . . . , α∗(udv))‖∞, then one can
check that 0 ≤ η < 1 by the definition of the α∗(v)′s
and since all coordinates of ∇fv(α∗(u1), . . . , α∗(udv)) are
not equal to 1. Assume the contrary, i.e., there ex-
ists a coordinate i such that the partial derivative of
fv(α∗(u1), . . . , α∗(udv)) with respect to α∗(udi) is larger
than 1. Consider that all the coordinates except i are
held fixed, then we can apply the same argument used
in the linear threshold model that leads to the contra-
diction so that the partial derivatives are less than 1.
Then, we can take γ ∈ [0, ε) such that |F (fv(α∗(u1) +
Δ1, . . . , α

∗(udv ) + Δdv )) − F (fv(α∗(u1), . . . , α∗(udv)))| ≤
η||max(Δ1, Δ2, . . . , Δdv )|| when 0 ≤ Δi ≤ γ for all
i = 1, . . . , dv.

Let δ(v) = α∗(v) − E[fv(X+(u1), . . . , X+(udv))]. Let
ε+ = (1 − η)γ. Then,

δ(v) = F (f∗
v (α∗(u1) + γ, α∗(u2) + γ, . . . , α∗(udv) + γ))

−F (f∗
v (α∗(u1), α∗(u2), . . . , α∗(udv))) ≤ ηγ

so that

α∗(v) + ε ≥ α∗(v) + γ

= (α∗(v) + δ(v)) + (γ − δ(v))
≥ (α∗(v) + δ(v)) + (1 − η)γ
= E[F (fv(X+(u1), . . . , X+(udv )))] + ε+.

We define E+
t (v) as the event that θv > α∗(v) + γ and

Zt(v) = 1, which is the event that θv > α∗(v) + γ and
F (fv(Zt−1(u1), . . . , Zt−1(udv))) > θv. Then, E+

t (v)c is the
event that Zv(t) ≤ X+(v). Similar as before,
Pr[Z > σ̄∗ + nε] ≤ Pr [Any node whose thresholds are
greater than (αm−1 − εm−1) are not influenced until the
mth iteration].
Then, we have
1−Pr [Any node whose thresholds are greater than (αm−1

− εm−1) are not influenced until the mth iteration]

≤
∑

v∈V

Pr[A node v has a threshold greater than

(α∗(v) + γ) but adopts the information]

=
∑

v∈V

(
m−1∑

t=1

Pr[E+
t (v) ∩ (∩u∈V E+

t−1(u)c)] + Pr[E+
0 (v)]

)

≤
∑

v∈V

(
m−1∑

t=1

Pr[E+
t (v) ∩ (∩dv

i=1E+
t−1(ui)c)] + Pr[E+

0 (v)]

)

.

(C.10)

Using Lemma 5, we actually bound the probability of
events described inside the summation in (C.10). First,
we bound Pr[E+

t (v) ∩ (∩dv

i=1E+
t−1(ui)c)] for each v.

Pr[E+
t (v) ∩ (∩dv

i=1E+
t−1(ui)c)]

= Pr[θv > α∗(v) + γ,

F (fv(Zt−1(u1), . . . , Zt−1(udv))) > θv,

Zt−1(ui) ≤ X+(ui), i = 1, . . . , dv]

≤ Pr[F (fv(X+(u1), . . . , X+(udv))) < α∗(v) + γ]

≤ Pr[F (fv(X+(u1), . . . , X+(udv))) <

E[F (fv(X+(u1), . . . , X+(udv )))] + ε+]

< exp
(

− (ε+)2 log n

2C

)

.

In the similar way, we also bound Pr[E0(v)] for each v so
that we finally bound (C.10).

Pr[E0(v)] = Pr[θv > α∗(v) + γ, F (fv(Z0(u1), . . . ,
Z0(udv ))) > θv]

≤ Pr[F (fv(Z0(u1), Z0(u2), . . . , Z0(udv)))
> α∗(v) + γ]

< exp
(

− (ε+)2 log n

2C

)

.

Therefore, Pr[Z > σ̄∗ + nε] < n2 exp
(
− (ε+)2 log n

2C

)
. That

is, (C.8) holds. As a result, (C.8) implies (C.2).
In the proof of (C.8), we proved that

∑
v∈V Pr[Z(v) >

α∗(v) + γ] = o(n−δ) for any δ > 0. Then, the expectation
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of Z(v) satisfies that E[Z(v)] ≥ (α∗(v)− γ)(1− o(n−δ))+
o(n−δ). Hence, E[Zm(v)] ≥ α∗(v)+ γ. Since γ is less than
ε and ε is any given positive number, γ tends to 0 in the
limit of ε → 0. It implies that E[Z(v)] ≥ α∗(v) + o(1), as
stated in (C.4). Hence, Theorem 2 is proved.
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